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Twin-field (TF) quantum key distribution (QKD) was conjectured to beat the private capacity of
a point-to-point QKD link by using single-photon interference in a central measuring station. This
remarkable conjecture has recently triggered an intense research activity to prove its security. Here,
we introduce a TF-type QKD protocol which is conceptually simpler than the original proposal.
It relies on local phase randomization, instead of global phase randomization, which significantly
simplifies its security analysis and is arguably less demanding experimentally. We demonstrate that
the secure key rate of our protocol has a square-root improvement over the point-to-point private
capacity, as conjectured by the original TF-QKD scheme.
PACS numbers: 03.67.Dd, 03.67.Hk 03.65.Bg, 03.67.Pp, 03.67.-a
There is a tremendous research interest towards de-
veloping a global quantum internet [1–6], as this could
enable many useful applications of quantum technolo-
gies, including, for example, quantum key distribution
(QKD) [7, 8], blind quantum computing [9, 10], dis-
tributed quantum metrology [11, 12] and distributed
quantum computing [13]. Among these applications,
QKD is certainty the most mature technology today.
Experimentally, long-distance QKD has already been
performed over 404 km [14] of telecom fibers with a
standard measurement-device-independent QKD (MDI-
QKD) protocol [15], as well as over 1000 km of free space
through satellite to ground links [16, 17]. Nonetheless,
optical loss in telecom fibers (typically about 0.2 dB/km)
poses an important limit to the distance of secure QKD
without trusted or quantum repeater nodes [18–24]. In-
deed, even with a GHz repetition rate, it would take
about 100 years to send a single photon successfully over
1000 km of a telecom fiber [20]. Besides, fundamental
limits for the key rate vs distance for secure point-to-
point QKD have been obtained recently [25, 26]. They
essentially state that, in the absence of the repeater
nodes, the key rate scales as η, where η is the trans-
mittance of the channel between Alice and Bob.
Remarkably, Lucamarini et al. [27] have recently pro-
posed a novel MDI-QKD type protocol, called twin-field
(TF) QKD, that uses a simple measurement setup for
single-photon interference at a central station and is con-
jectured to beat the fundamental bounds in [25, 26], sim-
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ilarly to the provably secure MDI-QKD schemes intro-
duced in [28–30] based on two-photon interference in an
adaptive manner. One experimental drawback of TF-
QKD is however that single-photon interference requires
subwavelength-order phase stability for optical channels,
which is more demanding than achieving two-photon in-
terference [31]. Nonetheless, if the conjecture on the se-
curity of TF-QKD is proven to be correct, the simplicity
and conceptual importance of this protocol will defini-
tively stimulate further investigations. Indeed, very re-
cently, two proofs of security of TF-QKD have been pro-
posed [32, 33]; however, none of them is entirely satis-
factory. They are rather complicated and require a post-
selection on the matching of the global phase of Alice and
Bob. This leads to nearly an order of magnitude of drop
in the secret key rate.
In this paper, we devise a modified TF-QKD protocol
and provide a simple proof of its information-theoretic
security. Our proof removes the requirement of post-
selection on the matching of the global phase, thus sim-
plifying the proof and elucidating the concepts behind its
security. We draw inspiration from quantum repeaters
and connect the security of TF-QKD to the study of
quantum repeaters. Our proof has also practical impact
as it can deliver nearly an order of magnitude higher se-
cret key rate, compared to the two previous proofs [34].
For this, we invoke a “complementarity” [35] between the
“phase” and the “number” of a bosonic mode. In partic-
ular, to prove the security of a bit encoded in the phase
value, we consider what happens if Alice and Bob send
optical pulses in number states to the central station.
Importantly, the statistics related to this scenario can be
estimated by using the decoy-state method [36–38]. As a
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2result, our protocol can use only local phase randomiza-
tion, without the necessity of the global-phase matching
condition.
The key idea originates from entanglement generation
protocols [19, 22] based on single-photon interference in
quantum repeaters. In particular, suppose that Alice and
Bob are separated over a distance L and there is a sta-
tion C right in the middle between them. This central
station is connected to Alice (Bob) through an optical
fiber with transmittance
√
η. If Alice and Bob imple-
ment the original MDI-QKD scheme in this scenario, it
is clear that the key rate cannot scale better than η, as
this protocol requires that two photon coincidence events
with one photon from Alice and one from Bob interfere in
the node C. In comparison, TF-QKD can provide a key
rate scaling with
√
η because it only requires singles, i.e.,
one photon (either from Alice or from Bob) reaches the
node C. Indeed, this scaling improvement is well-known
in the field of quantum repeaters. For instance, the per-
formance of the repeater schemes introduced in [19, 22]
scales as
√
η essentially because they use entanglement
generation protocols based on single-photon interference
in node C. Our starting point is then an ideal version
of these entanglement generation protocols with an ide-
alized photon source.
Protocol 1: It consists of the following six steps. (i) Al-
ice (Bob) first prepares an optical pulse a (b) in an entan-
gled state |φq〉Aa = √q|0〉A|0〉a+
√
1− q|1〉A|1〉a (|φq〉Bb)
with 0 ≤ q ≤ 1, where |0〉a(b) is the vacuum state and
|1〉a(b) is the single-photon state for optical pulse a (b),
and system A (B) denotes a qubit in Alice’s (Bob’s)
hands with computational basis {|0〉A(B), |1〉A(B)}. (ii)
Next, Alice and Bob send the optical pulses a and b
through optical channels with transmittance
√
η, respec-
tively, to the middle node C in a synchronized manner.
(iii) The node C applies to the incoming pulses a 50:50
beamsplitter, followed by two threshold detectors. Let
Dc (Dd) denote the detector located at the output port
c (d) of the beamsplitter associated to constructive (de-
structive) interference. (iv) The node C announces the
measurement outcome kc (kd) corresponding to detector
Dc (Dd), where kc = 0 and kc = 1 (kd = 0 and kd = 1)
indicates a no-click event and a click event, respectively.
(v) With probability pX Alice (Bob) performs the X-
basis measurement on the qubit A (B), and with proba-
bility pZ she (he) performs the Z-basis measurement. As
a result, Alice (Bob) obtains the bit value bA (bB), where
(−1)bA = x ((−1)bB = x) for the eigenvalues x = ±1 of
the Pauli operators Xˆ and Zˆ. (vi) When node C reports
kc = 1 and kd = 0 (kc = 0 and kd = 1) and Alice and
Bob measure their qubits in the X basis, bA and bB (bA
and bB ⊕ 1) are regarded as their raw key. Note that in
this protocol no phase randomization is applied
We remark that step (iii) above actually corresponds to
performing a “swap test” on the incoming signals. Such
a swap test is commonly used in, for example, quantum
digital signature schemes [39] and quantum fingerprinting
protocols [40–42].
For simplicity and for the moment, let us neglect the
effect of the dark counts in the detectors Dc and Dd and
assume that their detection efficiency is perfect. Then,
it is straightforward to show that the probability r with
which node C observes only one click in say detector Dc
(Dd) in step (iv) above is r = r1 + r2, where
r1 =
√
η(1− q)q + (1− q)2√η(1−√η), (1)
r2 =
1
2
(1− q)2η. (2)
That is, r1 (r2) corresponds to a detection event produced
by a single-photon (two-photon) pulse.
Given only one detection click in say detector Dc (Dd),
the joint state of Alice and Bob’s qubit systems A and B
is denoted by ρˆ+AB (ρˆ
−
AB), where
ρˆ±AB =
r1
r
[
q
q + (1− q)(1−√η) |Ψ
±〉〈Ψ±|AB
+
(1− q)(1−√η)
q + (1− q)(1−√η) |11〉〈11|AB
]
+
r2
r
|11〉〈11|AB ,(3)
with |Ψ±〉AB := (|01〉AB ± |10〉AB)/
√
2.
According to Protocol 1, the bit-error rate, eX , is de-
fined by the probability with which Alice’s and Bob’s X-
basis measurement outcomes are different (i.e., bA 6= bB)
when kc = 1 and kd = 0, or they are equal (bA = bB)
when kc = 0 and kd = 1. On the other hand, the phase-
error rate, eZ , is defined by the probability with which
Alice’s and Bob’s measurement outcomes in the Z basis
coincide (bA = bB) when kc + kd = 1. From Eq. (3) we
obtain that eX and eZ satisfy
2eX = eZ =
r1
r
(1− q)(1−√η)
q + (1− q)(1−√η) +
r2
r
. (4)
The asymptotic key rate formula RX is then given by
RX = 2r[1− h(eX)− h(eZ)], (5)
where 2r represents the total success probability and h(x)
is the binary entropy function, i.e., h(x) := −x log2 x −
(1− x) log2(1− x). The parameter q is chosen such that
RX is maximized for each given distance.
Protocol 2: We can also consider a prepare-and-
measure version of Protocol 1. For this, we note that,
without loss of generality, the measurement in step (v)
of Protocol 1 can be done soon after its step (i). This
is because this measurement operation commutes with
all the operations performed in the other steps. So,
the ordering of the steps is not relevant to the physics.
Hence, Protocol 1 is mathematically equivalent to a
prepare-and-measure protocol where one omits step (v)
and replaces step (i) with the following step: (i’) Al-
ice (Bob) prepares an optical pulse a (b) in the state
|X0〉a(b) := √q|0〉a(b) +
√
1− q|1〉a(b) for bA = 0 (bB = 0)
or in the state |X1〉a(b) := √q|0〉a(b) −
√
1− q|1〉a(b) for
bA = 1 (bB = 1) at random when she (he) chooses the
X basis with probability pX , while Alice (Bob) prepares
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<latexit sha1_base64="qjPvqAhA8wu9UP0kccmoo9jQzq0=">AAAB+nicbVDLSsNAFJ34rPWV6t LNYBFclUQEXZa6cSFYwT6gCWUymbRD5xFmJkqJ/RQ3LhRx65e482+ctllo64ELh3Pu5d57opRRbTzv21lZXVvf2Cxtlbd3dvf23cpBW8tMYdLCkknVjZAmjArSMtQw0k0VQTxipBONrqZ+54EoTaW4N+OUhB wNBE0oRsZKfbeSB4rD5s1tI4CRzEQ86btVr+bNAJeJX5AqKNDsu19BLHHGiTCYIa17vpeaMEfKUMzIpBxkmqQIj9CA9CwViBMd5rPTJ/DEKjFMpLIlDJypvydyxLUe88h2cmSGetGbiv95vcwkl2FORZoZIv B8UZIxaCSc5gBjqgg2bGwJworaWyEeIoWwsWmVbQj+4svLpH1W872af3derTeKOErgCByDU+CDC1AH16AJWgCDR/AMXsGb8+S8OO/Ox7x1xSlmDsEfOJ8/XaGTaQ==</latexit><latexit sha1_base64="qjPvqAhA8wu9UP0kccmoo9jQzq0=">AAAB+nicbVDLSsNAFJ34rPWV6t LNYBFclUQEXZa6cSFYwT6gCWUymbRD5xFmJkqJ/RQ3LhRx65e482+ctllo64ELh3Pu5d57opRRbTzv21lZXVvf2Cxtlbd3dvf23cpBW8tMYdLCkknVjZAmjArSMtQw0k0VQTxipBONrqZ+54EoTaW4N+OUhB wNBE0oRsZKfbeSB4rD5s1tI4CRzEQ86btVr+bNAJeJX5AqKNDsu19BLHHGiTCYIa17vpeaMEfKUMzIpBxkmqQIj9CA9CwViBMd5rPTJ/DEKjFMpLIlDJypvydyxLUe88h2cmSGetGbiv95vcwkl2FORZoZIv B8UZIxaCSc5gBjqgg2bGwJworaWyEeIoWwsWmVbQj+4svLpH1W872af3derTeKOErgCByDU+CDC1AH16AJWgCDR/AMXsGb8+S8OO/Ox7x1xSlmDsEfOJ8/XaGTaQ==</latexit><latexit sha1_base64="qjPvqAhA8wu9UP0kccmoo9jQzq0=">AAAB+nicbVDLSsNAFJ34rPWV6t LNYBFclUQEXZa6cSFYwT6gCWUymbRD5xFmJkqJ/RQ3LhRx65e482+ctllo64ELh3Pu5d57opRRbTzv21lZXVvf2Cxtlbd3dvf23cpBW8tMYdLCkknVjZAmjArSMtQw0k0VQTxipBONrqZ+54EoTaW4N+OUhB wNBE0oRsZKfbeSB4rD5s1tI4CRzEQ86btVr+bNAJeJX5AqKNDsu19BLHHGiTCYIa17vpeaMEfKUMzIpBxkmqQIj9CA9CwViBMd5rPTJ/DEKjFMpLIlDJypvydyxLUe88h2cmSGetGbiv95vcwkl2FORZoZIv B8UZIxaCSc5gBjqgg2bGwJworaWyEeIoWwsWmVbQj+4svLpH1W872af3derTeKOErgCByDU+CDC1AH16AJWgCDR/AMXsGb8+S8OO/Ox7x1xSlmDsEfOJ8/XaGTaQ==</latexit>
pd =
<latexit sha1_base64="+3aNBAQskjqAMlt5V21lEKGM210=">AAAB63icbVBNS8NAEJ 3Ur1q/qh69LBbBU0lE0ItQ9OKxgv2ANpTNZtMu3d2E3Y1QQv+CFw+KePUPefPfuElz0NYHA4/3ZpiZFyScaeO6305lbX1jc6u6XdvZ3ds/qB8edXWcKkI7JOax6gdYU84k7RhmOO0nim IRcNoLpne533uiSrNYPppZQn2Bx5JFjGCTS8kovBnVG27TLYBWiVeSBpRoj+pfwzAmqaDSEI61HnhuYvwMK8MIp/PaMNU0wWSKx3RgqcSCaj8rbp2jM6uEKIqVLWlQof6eyLDQeiYC2y mwmehlLxf/8wapia79jMkkNVSSxaIo5cjEKH8chUxRYvjMEkwUs7ciMsEKE2PjqdkQvOWXV0n3oum5Te/hstG6LeOowgmcwjl4cAUtuIc2dIDABJ7hFd4c4bw4787HorXilDPH8AfO5w /PW44S</latexit><latexit sha1_base64="+3aNBAQskjqAMlt5V21lEKGM210=">AAAB63icbVBNS8NAEJ 3Ur1q/qh69LBbBU0lE0ItQ9OKxgv2ANpTNZtMu3d2E3Y1QQv+CFw+KePUPefPfuElz0NYHA4/3ZpiZFyScaeO6305lbX1jc6u6XdvZ3ds/qB8edXWcKkI7JOax6gdYU84k7RhmOO0nim IRcNoLpne533uiSrNYPppZQn2Bx5JFjGCTS8kovBnVG27TLYBWiVeSBpRoj+pfwzAmqaDSEI61HnhuYvwMK8MIp/PaMNU0wWSKx3RgqcSCaj8rbp2jM6uEKIqVLWlQof6eyLDQeiYC2y mwmehlLxf/8wapia79jMkkNVSSxaIo5cjEKH8chUxRYvjMEkwUs7ciMsEKE2PjqdkQvOWXV0n3oum5Te/hstG6LeOowgmcwjl4cAUtuIc2dIDABJ7hFd4c4bw4787HorXilDPH8AfO5w /PW44S</latexit><latexit sha1_base64="+3aNBAQskjqAMlt5V21lEKGM210=">AAAB63icbVBNS8NAEJ 3Ur1q/qh69LBbBU0lE0ItQ9OKxgv2ANpTNZtMu3d2E3Y1QQv+CFw+KePUPefPfuElz0NYHA4/3ZpiZFyScaeO6305lbX1jc6u6XdvZ3ds/qB8edXWcKkI7JOax6gdYU84k7RhmOO0nim IRcNoLpne533uiSrNYPppZQn2Bx5JFjGCTS8kovBnVG27TLYBWiVeSBpRoj+pfwzAmqaDSEI61HnhuYvwMK8MIp/PaMNU0wWSKx3RgqcSCaj8rbp2jM6uEKIqVLWlQof6eyLDQeiYC2y mwmehlLxf/8wapia79jMkkNVSSxaIo5cjEKH8chUxRYvjMEkwUs7ciMsEKE2PjqdkQvOWXV0n3oum5Te/hstG6LeOowgmcwjl4cAUtuIc2dIDABJ7hFd4c4bw4787HorXilDPH8AfO5w /PW44S</latexit>
pd =
<latexit sha1_base64="+3aNBAQskjqAMlt5V21lEKGM210=">AAAB63icbVBNS8NAEJ 3Ur1q/qh69LBbBU0lE0ItQ9OKxgv2ANpTNZtMu3d2E3Y1QQv+CFw+KePUPefPfuElz0NYHA4/3ZpiZFyScaeO6305lbX1jc6u6XdvZ3ds/qB8edXWcKkI7JOax6gdYU84k7RhmOO0nim IRcNoLpne533uiSrNYPppZQn2Bx5JFjGCTS8kovBnVG27TLYBWiVeSBpRoj+pfwzAmqaDSEI61HnhuYvwMK8MIp/PaMNU0wWSKx3RgqcSCaj8rbp2jM6uEKIqVLWlQof6eyLDQeiYC2y mwmehlLxf/8wapia79jMkkNVSSxaIo5cjEKH8chUxRYvjMEkwUs7ciMsEKE2PjqdkQvOWXV0n3oum5Te/hstG6LeOowgmcwjl4cAUtuIc2dIDABJ7hFd4c4bw4787HorXilDPH8AfO5w /PW44S</latexit><latexit sha1_base64="+3aNBAQskjqAMlt5V21lEKGM210=">AAAB63icbVBNS8NAEJ 3Ur1q/qh69LBbBU0lE0ItQ9OKxgv2ANpTNZtMu3d2E3Y1QQv+CFw+KePUPefPfuElz0NYHA4/3ZpiZFyScaeO6305lbX1jc6u6XdvZ3ds/qB8edXWcKkI7JOax6gdYU84k7RhmOO0nim IRcNoLpne533uiSrNYPppZQn2Bx5JFjGCTS8kovBnVG27TLYBWiVeSBpRoj+pfwzAmqaDSEI61HnhuYvwMK8MIp/PaMNU0wWSKx3RgqcSCaj8rbp2jM6uEKIqVLWlQof6eyLDQeiYC2y mwmehlLxf/8wapia79jMkkNVSSxaIo5cjEKH8chUxRYvjMEkwUs7ciMsEKE2PjqdkQvOWXV0n3oum5Te/hstG6LeOowgmcwjl4cAUtuIc2dIDABJ7hFd4c4bw4787HorXilDPH8AfO5w /PW44S</latexit><latexit sha1_base64="+3aNBAQskjqAMlt5V21lEKGM210=">AAAB63icbVBNS8NAEJ 3Ur1q/qh69LBbBU0lE0ItQ9OKxgv2ANpTNZtMu3d2E3Y1QQv+CFw+KePUPefPfuElz0NYHA4/3ZpiZFyScaeO6305lbX1jc6u6XdvZ3ds/qB8edXWcKkI7JOax6gdYU84k7RhmOO0nim IRcNoLpne533uiSrNYPppZQn2Bx5JFjGCTS8kovBnVG27TLYBWiVeSBpRoj+pfwzAmqaDSEI61HnhuYvwMK8MIp/PaMNU0wWSKx3RgqcSCaj8rbp2jM6uEKIqVLWlQof6eyLDQeiYC2y mwmehlLxf/8wapia79jMkkNVSSxaIo5cjEKH8chUxRYvjMEkwUs7ciMsEKE2PjqdkQvOWXV0n3oum5Te/hstG6LeOowgmcwjl4cAUtuIc2dIDABJ7hFd4c4bw4787HorXilDPH8AfO5w /PW44S</latexit>
pd =
<latexit sha1_base64="+3aNBAQskjqAMlt5V21lEKGM210=">AAAB63icbVBNS8NAEJ 3Ur1q/qh69LBbBU0lE0ItQ9OKxgv2ANpTNZtMu3d2E3Y1QQv+CFw+KePUPefPfuElz0NYHA4/3ZpiZFyScaeO6305lbX1jc6u6XdvZ3ds/qB8edXWcKkI7JOax6gdYU84k7RhmOO0nim IRcNoLpne533uiSrNYPppZQn2Bx5JFjGCTS8kovBnVG27TLYBWiVeSBpRoj+pfwzAmqaDSEI61HnhuYvwMK8MIp/PaMNU0wWSKx3RgqcSCaj8rbp2jM6uEKIqVLWlQof6eyLDQeiYC2y mwmehlLxf/8wapia79jMkkNVSSxaIo5cjEKH8chUxRYvjMEkwUs7ciMsEKE2PjqdkQvOWXV0n3oum5Te/hstG6LeOowgmcwjl4cAUtuIc2dIDABJ7hFd4c4bw4787HorXilDPH8AfO5w /PW44S</latexit><latexit sha1_base64="+3aNBAQskjqAMlt5V21lEKGM210=">AAAB63icbVBNS8NAEJ 3Ur1q/qh69LBbBU0lE0ItQ9OKxgv2ANpTNZtMu3d2E3Y1QQv+CFw+KePUPefPfuElz0NYHA4/3ZpiZFyScaeO6305lbX1jc6u6XdvZ3ds/qB8edXWcKkI7JOax6gdYU84k7RhmOO0nim IRcNoLpne533uiSrNYPppZQn2Bx5JFjGCTS8kovBnVG27TLYBWiVeSBpRoj+pfwzAmqaDSEI61HnhuYvwMK8MIp/PaMNU0wWSKx3RgqcSCaj8rbp2jM6uEKIqVLWlQof6eyLDQeiYC2y mwmehlLxf/8wapia79jMkkNVSSxaIo5cjEKH8chUxRYvjMEkwUs7ciMsEKE2PjqdkQvOWXV0n3oum5Te/hstG6LeOowgmcwjl4cAUtuIc2dIDABJ7hFd4c4bw4787HorXilDPH8AfO5w /PW44S</latexit><latexit sha1_base64="+3aNBAQskjqAMlt5V21lEKGM210=">AAAB63icbVBNS8NAEJ 3Ur1q/qh69LBbBU0lE0ItQ9OKxgv2ANpTNZtMu3d2E3Y1QQv+CFw+KePUPefPfuElz0NYHA4/3ZpiZFyScaeO6305lbX1jc6u6XdvZ3ds/qB8edXWcKkI7JOax6gdYU84k7RhmOO0nim IRcNoLpne533uiSrNYPppZQn2Bx5JFjGCTS8kovBnVG27TLYBWiVeSBpRoj+pfwzAmqaDSEI61HnhuYvwMK8MIp/PaMNU0wWSKx3RgqcSCaj8rbp2jM6uEKIqVLWlQof6eyLDQeiYC2y mwmehlLxf/8wapia79jMkkNVSSxaIo5cjEKH8chUxRYvjMEkwUs7ciMsEKE2PjqdkQvOWXV0n3oum5Te/hstG6LeOowgmcwjl4cAUtuIc2dIDABJ7hFd4c4bw4787HorXilDPH8AfO5w /PW44S</latexit>
pd =
<latexit sha1_base64="+3aNBAQskjqAMlt5V21lEKGM210=">AAAB63icbVBNS8NAEJ 3Ur1q/qh69LBbBU0lE0ItQ9OKxgv2ANpTNZtMu3d2E3Y1QQv+CFw+KePUPefPfuElz0NYHA4/3ZpiZFyScaeO6305lbX1jc6u6XdvZ3ds/qB8edXWcKkI7JOax6gdYU84k7RhmOO0nim IRcNoLpne533uiSrNYPppZQn2Bx5JFjGCTS8kovBnVG27TLYBWiVeSBpRoj+pfwzAmqaDSEI61HnhuYvwMK8MIp/PaMNU0wWSKx3RgqcSCaj8rbp2jM6uEKIqVLWlQof6eyLDQeiYC2y mwmehlLxf/8wapia79jMkkNVSSxaIo5cjEKH8chUxRYvjMEkwUs7ciMsEKE2PjqdkQvOWXV0n3oum5Te/hstG6LeOowgmcwjl4cAUtuIc2dIDABJ7hFd4c4bw4787HorXilDPH8AfO5w /PW44S</latexit><latexit sha1_base64="+3aNBAQskjqAMlt5V21lEKGM210=">AAAB63icbVBNS8NAEJ 3Ur1q/qh69LBbBU0lE0ItQ9OKxgv2ANpTNZtMu3d2E3Y1QQv+CFw+KePUPefPfuElz0NYHA4/3ZpiZFyScaeO6305lbX1jc6u6XdvZ3ds/qB8edXWcKkI7JOax6gdYU84k7RhmOO0nim IRcNoLpne533uiSrNYPppZQn2Bx5JFjGCTS8kovBnVG27TLYBWiVeSBpRoj+pfwzAmqaDSEI61HnhuYvwMK8MIp/PaMNU0wWSKx3RgqcSCaj8rbp2jM6uEKIqVLWlQof6eyLDQeiYC2y mwmehlLxf/8wapia79jMkkNVSSxaIo5cjEKH8chUxRYvjMEkwUs7ciMsEKE2PjqdkQvOWXV0n3oum5Te/hstG6LeOowgmcwjl4cAUtuIc2dIDABJ7hFd4c4bw4787HorXilDPH8AfO5w /PW44S</latexit><latexit sha1_base64="+3aNBAQskjqAMlt5V21lEKGM210=">AAAB63icbVBNS8NAEJ 3Ur1q/qh69LBbBU0lE0ItQ9OKxgv2ANpTNZtMu3d2E3Y1QQv+CFw+KePUPefPfuElz0NYHA4/3ZpiZFyScaeO6305lbX1jc6u6XdvZ3ds/qB8edXWcKkI7JOax6gdYU84k7RhmOO0nim IRcNoLpne533uiSrNYPppZQn2Bx5JFjGCTS8kovBnVG27TLYBWiVeSBpRoj+pfwzAmqaDSEI61HnhuYvwMK8MIp/PaMNU0wWSKx3RgqcSCaj8rbp2jM6uEKIqVLWlQof6eyLDQeiYC2y mwmehlLxf/8wapia79jMkkNVSSxaIo5cjEKH8chUxRYvjMEkwUs7ciMsEKE2PjqdkQvOWXV0n3oum5Te/hstG6LeOowgmcwjl4cAUtuIc2dIDABJ7hFd4c4bw4787HorXilDPH8AfO5w /PW44S</latexit>
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<latexit sha1_base64="cz4lm8GtlAvAAR9xl9Rza2xdC+0=">AAACDnicbVA9SwNBEN2LXzF+nVraLIZAbMKdCFoGbSwjmkTIHWFvM5cs2ftgd04IR36BjX/FxkIRW2s7/42bj0ITHww83pthZl6QSqHRcb6twsrq2vpGcbO0tb2zu2fvH7R0kikOTZ7IRN0HTIMUMTRRoIT7VAGLAgntYHg18dsPoLRI4jscpeBHrB+LUHCGRuraldxTEb0FrgA9OoSRRxVD8Gg1BeXRNJMaTsZdu+zUnCnoMnHnpEzmaHTtL6+X8CyCGLlkWndcJ0U/ZwoFlzAueZmGlPEh60PH0JhFoP18+s6YVozSo2GiTMVIp+rviZxFWo+iwHRGDAd60ZuI/3mdDMMLPxdxmiHEfLYozCTFhE6yoT2hgKMcGcK4EuZWygdMMY4mwZIJwV18eZm0TmuuU3Nvzsr1y3kcRXJEjkmVuOSc1Mk1aZAm4eSRPJNX8mY9WS/Wu/Uxay1Y85lD8gfW5w8XrJt8</latexit><latexit sha1_base64="cz4lm8GtlAvAAR9xl9Rza2xdC+0=">AAACDnicbVA9SwNBEN2LXzF+nVraLIZAbMKdCFoGbSwjmkTIHWFvM5cs2ftgd04IR36BjX/FxkIRW2s7/42bj0ITHww83pthZl6QSqHRcb6twsrq2vpGcbO0tb2zu2fvH7R0kikOTZ7IRN0HTIMUMTRRoIT7VAGLAgntYHg18dsPoLRI4jscpeBHrB+LUHCGRuraldxTEb0FrgA9OoSRRxVD8Gg1BeXRNJMaTsZdu+zUnCnoMnHnpEzmaHTtL6+X8CyCGLlkWndcJ0U/ZwoFlzAueZmGlPEh60PH0JhFoP18+s6YVozSo2GiTMVIp+rviZxFWo+iwHRGDAd60ZuI/3mdDMMLPxdxmiHEfLYozCTFhE6yoT2hgKMcGcK4EuZWygdMMY4mwZIJwV18eZm0TmuuU3Nvzsr1y3kcRXJEjkmVuOSc1Mk1aZAm4eSRPJNX8mY9WS/Wu/Uxay1Y85lD8gfW5w8XrJt8</latexit><latexit sha1_base64="cz4lm8GtlAvAAR9xl9Rza2xdC+0=">AAACDnicbVA9SwNBEN2LXzF+nVraLIZAbMKdCFoGbSwjmkTIHWFvM5cs2ftgd04IR36BjX/FxkIRW2s7/42bj0ITHww83pthZl6QSqHRcb6twsrq2vpGcbO0tb2zu2fvH7R0kikOTZ7IRN0HTIMUMTRRoIT7VAGLAgntYHg18dsPoLRI4jscpeBHrB+LUHCGRuraldxTEb0FrgA9OoSRRxVD8Gg1BeXRNJMaTsZdu+zUnCnoMnHnpEzmaHTtL6+X8CyCGLlkWndcJ0U/ZwoFlzAueZmGlPEh60PH0JhFoP18+s6YVozSo2GiTMVIp+rviZxFWo+iwHRGDAd60ZuI/3mdDMMLPxdxmiHEfLYozCTFhE6yoT2hgKMcGcK4EuZWygdMMY4mwZIJwV18eZm0TmuuU3Nvzsr1y3kcRXJEjkmVuOSc1Mk1aZAm4eSRPJNX8mY9WS/Wu/Uxay1Y85lD8gfW5w8XrJt8</latexit>
Loss [ 10log10(⌘)] Alice  Bob (dB)
<latexit sha1_base64="hHghg5W NZh/wMX429Fvk/wtE/ok=">AAACK3icbZC7TsMwFIadci+3ACOLRYVUBqo EIcFYwsLAABItSElUOe5pserEke0gVVHeh4VXYYCBi1h5D9w0A7dfsvT7 O+fIPn+Ucqa047xZtZnZufmFxaX68srq2rq9sdlVIpMUOlRwIW8iooCzBD qaaQ43qQQSRxyuo9HppH59B1IxkVzpcQphTIYJGzBKtEE928sDGeNzoVQ RYH/fdco7F8Oil7tO0QxAk70wwCU+4YzCvieiogLNvrdX9OyG03JK4b/Gr UwDVbro2U9BX9AshkRTTpTyXSfVYU6kZpRDUQ8yBSmhIzIE39iExKDCvN y1wLuG9PFASHMSjUv6fSInsVLjODKdMdG36ndtAv+r+ZkeHIc5S9JMQ0Kn Dw0yjrXAk+Bwn0mgmo+NIVQy81dMb4kkVJt46yYE9/fKf033oOU6Lffys NH2qjgW0TbaQU3koiPURmfoAnUQRffoEb2gV+vBerberY9pa82qZrbQD1 mfX1JGpdw=</latexit><latexit sha1_base64="hHghg5W NZh/wMX429Fvk/wtE/ok=">AAACK3icbZC7TsMwFIadci+3ACOLRYVUBqo EIcFYwsLAABItSElUOe5pserEke0gVVHeh4VXYYCBi1h5D9w0A7dfsvT7 O+fIPn+Ucqa047xZtZnZufmFxaX68srq2rq9sdlVIpMUOlRwIW8iooCzBD qaaQ43qQQSRxyuo9HppH59B1IxkVzpcQphTIYJGzBKtEE928sDGeNzoVQ RYH/fdco7F8Oil7tO0QxAk70wwCU+4YzCvieiogLNvrdX9OyG03JK4b/Gr UwDVbro2U9BX9AshkRTTpTyXSfVYU6kZpRDUQ8yBSmhIzIE39iExKDCvN y1wLuG9PFASHMSjUv6fSInsVLjODKdMdG36ndtAv+r+ZkeHIc5S9JMQ0Kn Dw0yjrXAk+Bwn0mgmo+NIVQy81dMb4kkVJt46yYE9/fKf033oOU6Lffys NH2qjgW0TbaQU3koiPURmfoAnUQRffoEb2gV+vBerberY9pa82qZrbQD1 mfX1JGpdw=</latexit><latexit sha1_base64="hHghg5W NZh/wMX429Fvk/wtE/ok=">AAACK3icbZC7TsMwFIadci+3ACOLRYVUBqo EIcFYwsLAABItSElUOe5pserEke0gVVHeh4VXYYCBi1h5D9w0A7dfsvT7 O+fIPn+Ucqa047xZtZnZufmFxaX68srq2rq9sdlVIpMUOlRwIW8iooCzBD qaaQ43qQQSRxyuo9HppH59B1IxkVzpcQphTIYJGzBKtEE928sDGeNzoVQ RYH/fdco7F8Oil7tO0QxAk70wwCU+4YzCvieiogLNvrdX9OyG03JK4b/Gr UwDVbro2U9BX9AshkRTTpTyXSfVYU6kZpRDUQ8yBSmhIzIE39iExKDCvN y1wLuG9PFASHMSjUv6fSInsVLjODKdMdG36ndtAv+r+ZkeHIc5S9JMQ0Kn Dw0yjrXAk+Bwn0mgmo+NIVQy81dMb4kkVJt46yYE9/fKf033oOU6Lffys NH2qjgW0TbaQU3koiPURmfoAnUQRffoEb2gV+vBerberY9pa82qZrbQD1 mfX1JGpdw=</latexit>
FIG. 1: Secret key rate (per pulse) in logarithmic scale as a
function of the overall loss between Alice and Bob, which in-
cludes the finite detection efficiency of the threshold detectors
in node C. For simulation purposes, we set a misalignment of
2% in each channel Alice-C and Bob-C. The dashed (solid)
lines correspond to Protocol 1/Protocol 2 (Protocol 3) for dif-
ferent dark count rates, pd, of the detectors in node C. The
solid blue line illustrates the PLOB bound introduced in [26].
Our simulation results show clearly that, even in the presence
of reasonably low values of dark counts of about 10−6 per
pulse and misalignment, the Protocols could beat the PLOB
bound.
the optical pulse a (b) in the state |Z0〉a(b) := |0〉a(b)
for bA = 0 (bB = 0) with probability q or in the state
|Z1〉a(b) := |1〉a(b) for bA = 1 (bB = 1) with probability
1− q when she (he) chooses the Z basis with probability
pZ . That is, Protocol 2 is composed of step (i’), as well
as steps (ii)-(iv) and (vi) from Protocol 1.
In Fig. 1, we show the performance of these two proto-
cols by maximizing RX over q as a function of the overall
loss between Alice and Bob. According to our computa-
tion calculation, the optimal value of q = ||a〈0||φq〉Aa||2
starts from about 0.88 at 0 dB, and then monotonically
increases with the loss up to a value of about 0.94 at
20 dB, and afterward remains basically constant. The
high value of q suggests that the states |Xk〉 (k = 0, 1)
could be replaced by coherent states |(−1)kα〉 by choos-
ing an appropriate amplitude α(> 0), as their good ap-
proximation. Also, since the states |Zk〉 (k = 0, 1) are
number states, Alice and Bob could estimate the phase-
error rate eZ by using phase-randomized coherent states
in combination with the decoy-state method. These two
observations lead to the following practical protocol.
Protocol 3: It is composed of the following modified
first step (i”) together with steps (ii)-(iv) and (vi) from
Protocol 1: (i”) Alice (Bob) first chooses the X basis
with probability pX and the Z basis with probability pZ .
If her (his) choice is the X basis, she (he) prepares an
optical pulse a (b) in a coherent state |α〉a(b) for bA = 0
(bB = 0) or |−α〉a(b) for bA = 1 (bB = 1) at random.
If her (his) choice is the Z basis, she (he) prepares an
optical pulse a (b) in a phase-randomized coherent state
ρˆa,βA (ρˆb,βB ) whose amplitude βA (βB) is chosen from
a set S = {βi}i of real nonnegative numbers βi ≥ 0 at
random.
It is important to note that Protocol 3 requires syn-
chronization of phase references for Alice and Bob. How-
ever, since in QKD Alice and Bob may use ancillary
strong pulses generated by lasers to establish such a pulse
reference, we believe that establishing the phase refer-
ences is practical. In this scenario, we assume that all
the X-basis (key generation) states of Alice and Bob are
either of the same or opposite phase. That is, no phase
randomization is needed for the key generation states. In
contrast, all the Z-basis states (used for test for tamper-
ing) of Alice and Bob have random phases, which allows
us to apply the decoy state technique to these states to
infer the contributions from the vacuum, single-photon,
and multi-photon components. Also, note that pX can
be chosen much higher than pZ to have a high key gen-
eration rate.
Security proof of Protocol 3: For simplicity we shall
consider the asymptotic scenario where Alice and Bob
emit an infinite number of signals. Also, without loss
of generality, we shall assume that the node C is under
the full control of an eavesdropper, Eve. After a QKD
run, Alice and Bob can estimate the probability distribu-
tion pZZ(kc, kd|βA, βB) (pXX(kc, kd|bA, bB)) over kc and
kd given the choice of βA and βB (bA and bB) and the
selection of the Z (X) basis. By noting that
pXX(bA, bB |kc, kd) = 1
4
pXX(kc, kd|bA, bB)
pXX(kc, kd)
, (6)
where
pXX(kc, kd) =
1
4
∑
bA,bB=0,1
pXX(kc, kd|bA, bB), (7)
we have that the bit-error rate, eX,kckd , for Eve’s an-
nouncement of kc and kd is defined by
eX,10 =
∑
i,j|i⊕j=1
pXX(bA = i, bB = j|kc = 1, kd = 0),
eX,01 =
∑
j=0,1
pXX(bA = j, bB = j|kc = 0, kd = 1). (8)
Next we consider the decoy-state method. In particu-
lar, since when Alice and Bob choose the Z basis in step
(i”) of Protocol 3 they prepare phase-randomized coher-
ent states, Eve cannot distinguish this step from the fol-
lowing fictitious scenario: Alice (Bob) prepares an opti-
cal pulse a (b) in a number state |nA〉a (|nB〉b) according
to a Poissonian distribution Pβ2A(nA) (Pβ2B (nB)), where
Pλ(n) = (e
−λλn)/n!. In this fictitious scenario, Eve’s
attack can only depend on the number states |nA〉 and
|nB〉. This implies that Eve’s announcement of kc and
kd follows a probability distribution pZZ(kc, kd|nA, nB).
Then, we have
pZZ(kc, kd|βA, βB)
=
∞∑
nA,nB=0
pZZ(kc, kd|nA, nB)Pβ2A(nA)Pβ2B (nB) (9)
4for any βA and βB . That is, once Alice and Bob know
pZZ(kc, kd|βA, βB) for any βA and βB , they can use the
decoy-state method to estimate pZZ(kc, kd|nA, nB) based
on their knowledge of Pβ2A(nA) and Pβ2B (nB).
The next step is to relate the conditional probabilities
pZZ(kc, kd|nA, nB) with the phase-error rate to prove se-
curity [35]. For this, note that if Alice and Bob choose the
X basis in step (i”) of Protocol 3, Eve cannot distinguish
this step from the following fictitious step: Alice (Bob)
prepares an optical pulse a (b) and a qubit A (B) in an
entangled state |ψX〉Aa = (|+〉A|α〉a + |−〉A|−α〉a)/
√
2
(|ψX〉Bb) with |±〉A(B) := (|0〉A(B) ± |1〉A(B))/
√
2. By
running this fictitious step together with steps (ii)-(iv)
in order, Alice and Bob obtain a state
|χkckd〉Aa′Bb′ :=
Mˆabkckd |ψX〉Aa|ψX〉Bb√
pXX(kc, kd)
, (10)
with probability pXX(kc, kd), where Mˆ
ab
kckd
is the Kraus
operator corresponding to the announcement of kc and
kd. The phase-error rate, eZ,kckd , is then defined by
eZ,kckd =
∑
j=0,1
‖AB〈jj||χkckd〉Aa′Bb′‖2. (11)
Since A〈i||ψX〉Aa = |Ci〉a with unnormalized cat states
|C0〉a =e−α
2
2
∞∑
n=0
α2n√
(2n)!
|2n〉a =:
∞∑
n=0
c(0)n |n〉a, (12)
|C1〉a =e−α
2
2
∞∑
n=0
α2n+1√
(2n+ 1)!
|2n+ 1〉a =:
∞∑
n=0
c(1)n |n〉a,
(13)
for nonnegative coefficients c
(i)
n ≥ 0, from Eq. (10) and
for any i, j = 0, 1, we have
pXX(kc, kd)‖AB〈ij||χkckd〉Aa′Bb′‖2
= a〈Ci|b〈Cj |(Mˆabkckd)†Mˆabkckd |Ci〉a|Cj〉b
=
∞∑
mA,mB ,nA,nB=0
c(i)mAc
(j)
mBc
(i)
nAc
(j)
nB
× a〈mA|b〈mB |(Mˆabkckd)†Mˆabkckd |nA〉a|nB〉b
≤
∞∑
mA,mB ,nA,nB=0
c(i)mAc
(j)
mBc
(i)
nAc
(j)
nB
× ‖Mˆabkckd |mA〉a|mB〉b‖‖Mˆabkckd |nA〉a|nB〉b‖
=
[ ∞∑
nA,nB=0
c(i)nAc
(j)
nB
√
pZZ(kc, kd|nA, nB)
]2
, (14)
where we have used the Cauchy-Schwarz inequality and
‖Mˆabkckd |mA〉a|mB〉b‖2 = pZZ(kc, kd|mA,mB). By com-
bining these results with Eq. (11), we conclude
pXX(kc, kd)eZ,kckd ≤ pXX(kc, kd)euppZ,kckd
:=
∑
j=0,1
[ ∞∑
nA,nB=0
c(j)nAc
(j)
nB
√
pZZ(kc, kd|nA, nB)
]2
. (15)
That is, we can estimate an upper bound, euppZ,kckd , on the
phase-error rate eZ,kckd from the observed data. This
means that the asymptotic key rate formula, RX,kckd ,
can be lower bounded as
RX,kckd = pXX(kc, kd) [1− h(eX,kckd)− h(eZ,kckd)]
≥ pXX(kc, kd)[1− h(eX,kckd)− h(min{1/2, euppZ,kckd})]
=: RlowX,kckd , (16)
which leads to the final key rate formula:
RX = RX,10 +RX,01 ≥ RlowX,10 +RlowX,01 =: RlowX . (17)
The performance of Protocol 3 is illustrated in
Fig. 1, where we maximize a further lower bound
on RlowX over α as a function of the overall loss be-
tween Alice and Bob. In particular, here we as-
sume the asymptotic scenario where Alice and Bob
use an infinite number of decoy settings and they
can estimate the probabilities pZZ(kc, kd|nA, nB), with
(nA, nB) = (0, 0), (0, 2), (2, 0), (2, 2), (1, 1), (1, 3), (3, 1),
precisely, while the remaining probabilities are simply
upper bounded as pZZ(kc, kd|nA, nB) ≤ 1 (although,
clearly, the more probabilities {pZZ(kc, kd|nA, nB)}nA,nB
Alice and Bob tightly estimate, the higher the result-
ing key rate is). Importantly, Fig. 1 demonstrates that
RlowX has
√
η scaling. In the Appendix, it is also con-
firmed that the use of three decoy states (that is, setting
S = {βi}i=1,2,3 in Protocol 3), rather than infinite de-
coy states, is enough for Protocol 3 to achieve a similar
performance to Fig. 1. Besides, remarkably, Protocol 3
is quite robust against phase mismatch between Alice-C
and Bob-C channels. See Appendix for the details.
The fact that the cases (nA, nB) = (0, 1) or (1, 0) do
not contribute at all to the phase-error rate is remark-
able. The reason for this behaviour is the following. The
even (odd) cat state corresponding to j = 0 (j = 1)
in Eq. (12) (Eq. (13)) includes only even (odd) photons.
And Eq. (14) considers what happens when Alice’s input
and Bob’s input are both (phase-randomized) even cat
states or both (phase-randomized) odd cat states. Thus,
the terms (0, 1) and (1, 0) never contribute. This means
that by lowering bounding other contributions (such as
(nA, nB) = (0, 0), (0, 2), (2, 0), . . .) with decoy states, one
can severely limit the amount of information Eve has on
the sifted key. Moreover, note that the signals contain
mainly only one photon or less originating from either Al-
ice or Bob. The net transmittance of the signal is thus of
order
√
η, which leads to a very high key rate for TF-type
QKD at long distances. That is, it is mainly the inter-
ference between the single photon component generated
by either Alice or Bob that leads to security.
5We also remark that by regarding c
(j)
n =
√
qn|jqj with
probability distributions {qj}j and {qn|j}n, one can con-
sider the terms c
(j)
nAc
(j)
nB
√
pZZ(kc, kd|nA, nB) to be the
square root of a joint probability. This implies that
pXX(kc, kd)(eZ,kckd − euppZ,kckd)(≤ 0) is a convex func-
tion over probabilities that can be obtained by perform-
ing positive operator-valued measure (POVM) measure-
ments on a quantum state for a round in a virtual sce-
nario. This is enough [43] to prove the security of Pro-
tocol 3 against coherent attacks, thanks to Azuma’s in-
equality [44].
Finally, we note that the structure of the security proof
of Protocol 3 resembles that for the loss-tolerant QKD
protocol [45]. Therefore, its extension to the finite-key
scenario could be readily done by using similar tech-
niques like those employed in [46–48], in combination
with the decoy-state analysis employed in standard MDI-
QKD [49].
In summary, we have introduced a novel TF-type QKD
protocol, together with a simple proof of its security,
which can beat the fundamental bounds on the private
capacity of point-to-point QKD over a lossy optical chan-
nel presented in [25, 26]. Its secret key rate scales as
√
η
rather than η, being η the transmittance of the quan-
tum channel. This protocol could also be regarded as
a phase-encoding MDI-QKD scheme with single-photon
interference. Indeed, it inherits the major advantage of
standard MDI-QKD, i.e., it is robust against any side
channel in the measurement unit.
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APPENDIX
Evaluation of the secret key rate formula
From the main text, we have that a lower bound on the
secret key rate delivered by Protocol 3 can be written as
RlowX = max {RlowX,10, 0}+ max {RlowX,01, 0}, (18)
where the terms RlowX,kckd have the form
RlowX,kckd = pXX(kc, kd)[1− h(eX,kckd)
− h(min{1/2, euppZ,kckd})]. (19)
In Eq. (19), the quantity pXX(kc, kd) corresponds to the
conditional probability that node C announces the mea-
surement outcome (kc, kd) given that both Alice and Bob
emit a signal encoded in the X basis; see Eq. (7). The
term eX,kckd represents the bit-error rate; it is given by
Eq. (8). Finally, euppZ,kckd refers to an upper bound on the
phase-error rate. This last quantity can be written as
euppZ,kckd =
1
pXX(kc, kd)
×
∑
j=0,1
[ ∞∑
nA,nB=0
c(j)nAc
(j)
nB
√
pZZ(kc, kd|nA, nB)
]2
=
1
pXX(kc, kd)
∑
j=0,1
[ ∞∑
mA,mB=0
c
(j)
2mA+j
c
(j)
2mB+j
×
√
pZZ(kc, kd|2mA + j, 2mB + j)
]2
, (20)
where the coefficients c
(j)
m , with m ∈ {0, 1, 2, . . .} =: N0
and j ∈ {0, 1}, are given by Eqs. (12)-(13). The second
equality in Eq. (20) is due to the fact that these coeffi-
cients satisfy c
(0)
2m+1 = c
(1)
2m = 0 for any m ∈ N0.
To evaluate Eq. (20), for each j ∈ {0, 1} we esti-
mate upper bounds, puppZZ (kc, kd|2mA + j, 2mB + j), on
the conditional probabilities pZZ(kc, kd|2mA + j, 2mB +
j) for (mA,mB) ∈ Sj , where Sj is a chosen sub-
set of {(mA,mB)|mA,mB ∈ N0}. Those probabilities
pZZ(kc, kd|2mA + j, 2mB + j) with (mA,mB) 6∈ Sj are
trivially upper bounded as pZZ(kc, kd|2mA + j, 2mB +
j) ≤ 1. As a result, we have that euppZ,kckd is upper
bounded by
euppZ,kckd ≤
1
pXX(kc, kd)
∑
j=0,1
[ ∑
(mA,mB)∈Sj
c
(j)
2mA+j
c
(j)
2mB+j
×
√
puppZZ (kc, kd|2mA + j, 2mB + j) + ∆j
]2
, (21)
6where the parameters ∆j simply refer to the residual
terms associated with the probabilities pZZ(kc, kd|2mA+
j, 2mB + j) with (mA,mB) 6∈ Sj . These parameters can
be written as
∆j =
∑
(mA,mB)6∈Sj
c
(j)
2mA+j
c
(j)
2mB+j
. (22)
In the next section of this Appendix we present
a simple numerical method to estimate the terms
puppZZ (kc, kd|2mA + j, 2mB + j) for (mA,mB) ∈ Sj (j ∈{0, 1}). Afterward, we introduce a channel model to de-
termine the quantities pXX(kc, kd) and eX,kckd and thus
be able to evaluate Eq. (18). Finally, in the last section
of the Appendix, we provide some additional simulation
results that complement those presented in the main text.
Estimation of puppZZ (kc, kd|2mA + j, 2mB + j)
To estimate the parameters puppZZ (kc, kd|2mA+j, 2mB+
j) with (mA,mB) ∈ Sj one can use analytical or numeri-
cal methods. For simplicity, here we consider a numerical
procedure that is valid for any number of decoy intensity
settings and for any photon-number distribution of the
signals emitted by Alice and Bob. More precisely, we
show that this estimation problem can be written as a
linear program, which can be solved efficiently in poly-
nomial time [52].
Our starting point is Eq. (9), which we reproduce here
for completeness,
pZZ(kc, kd|βA, βB)
=
∞∑
nA,nB=0
pZZ(kc, kd|nA, nB)Pβ2A(nA)Pβ2B (nB). (23)
This equation relates the experimentally observed
gains, pZZ(kc, kd|βA, βB), with the unknown parameters
pZZ(kc, kd|nA, nB) through the known photon-number
distributions, Pβ2A(nA) and Pβ2B (nB), of Alice and Bob’s
emitted signals. For example, when Alice and Bob use
phase-randomised weak coherent pulses, then Pλ(n) =
(e−λλn)/n! with λ being the intensity of the light source.
To formulate the estimation of puppZZ (kc, kd|2mA +
j, 2mB + j) for given (mA,mB) and j as a linear pro-
gram which can be solved numerically, we first reduce
the number of unknown parameters, pZZ(kc, kd|nA, nB),
in Eq. (23) to a finite set. For this, we derive
both a lower and an upper bound for each quan-
tity pZZ(kc, kd|βA, βB). In particular, since the terms
pZZ(kc, kd|nA, nB)Pβ2A(nA)Pβ2B (nB) ≥ 0 for all nA, nB ,
from Eq. (23) we have that pZZ(kc, kd|βA, βB) satisfies
pZZ(kc, kd|βA, βB)
≥
∑
(nA,nB)∈Scut
pZZ(kc, kd|nA, nB)Pβ2A(nA)Pβ2B (nB),
(24)
where Scut denotes the finite set of indexes (nA, nB) iden-
tifying those pZZ(kc, kd|nA, nB) which are considered as
unknown parameters when estimating puppZZ (kc, kd|2mA+
j, 2mB + j). The set Scut is typically larger than the sets
Sj , which indicate the probabilities pZZ(kc, kd|2mA +
j, 2mB+j) which are actually nontrivially upper bounded
when evaluating Eq. (21). The only requirement here is
that for all (mA,mB) ∈ Sj (j ∈ {0, 1}) then (2mA +
j, 2mB +j) ∈ Scut. Otherwise, the set of linear equations
given by Eq. (24) (and also given by Eq. (25) below)
would not include as unknowns some of the probabili-
ties pZZ(kc, kd|2mA + j, 2mB + j) that we wish to upper
bound. As a result, the missing probabilities would be
trivially upper bounded by 1.
Similarly to Eq. (24), we also have that
pZZ(kc, kd|βA, βB)
≤
∑
(nA,nB)∈Scut
pZZ(kc, kd|nA, nB)Pβ2A(nA)Pβ2B (nB)
+
∑
(nA,nB)/∈Scut
Pβ2A(nA)Pβ2B (nB)
=
∑
(nA,nB)∈Scut
pZZ(kc, kd|nA, nB)Pβ2A(nA)Pβ2B (nB)
+
1− ∑
(nA,nB)∈Scut
Pβ2A(nA)Pβ2B (nB)
 , (25)
where in the first inequality we use the fact that
pZZ(kc, kd|nA, nB) ≤ 1 for any nA and nB , and the equal-
ity holds because
∑∞
nA,nB=0
Pβ2A(nA)Pβ2B (nB) = 1.
In so doing, we can write the estimation of each
puppZZ (kc, kd|2mA + j, 2mB + j), with (mA,mB) ∈ Sj , by
using the following linear program
7max pZZ(kc, kd|2mA + j, 2mB + j)
subject to pZZ(kc, kd|βA, βB) ≥
∑
(nA,nB)∈Scut
pZZ(kc, kd|nA, nB)Pβ2A(nA)Pβ2B (nB), ∀βA, βB ,
1− pZZ(kc, kd|βA, βB) ≥
∑
(nA,nB)∈Scut
[1− pZZ(kc, kd|nA, nB)]Pβ2A(nA)Pβ2B (nB), ∀βA, βB ,
0 ≤ pZZ(kc, kd|nA, nB) ≤ 1, ∀(nA, nB) ∈ Scut. (26)
Channel model
Here, we introduce a simple channel model to simu-
late the quantities that would be observed in an actual
experiment. We use this channel model to estimate the
parameters pXX(kc, kd), eX,kckd and pZZ(kc, kd|βA, βB).
In all the mathematical expressions within this section
we consider only the cases where kc ⊕ kd = 1.
In particular, we model the overall loss between Al-
ice (Bob) and node C with a beamsplitter of transmit-
tance
√
η. This overall loss includes as well the non-unity
detection efficiency of the detectors Dc and Dd located
at node C. Also, we consider that the two quantum
channels connecting Alice and Bob with node C intro-
duce both polarization and phase misalignments. The
polarization misalignment of the link Alice-C (Bob-C)
is modelled with a unitary operation that transforms
the polarization input mode, a†in (b
†
in), into the orthog-
onal polarization output modes, a†out and a
†
out⊥ (b
†
out
and b†out⊥) as follows: a
†
in → cos θAa†out − sin θAa†out⊥
(b†in → cos θBb†out− sin θBb†out⊥) for certain angle θA (θB).
To model the phase mismatch between Alice and Bob’s
signals arriving at node C, we shift the phase of say Bob’s
signals by an angle φ = δpi for a certain parameter δ. Fi-
nally, we assume that the functioning of the detectors Dc
and Dd is independent of the polarization of the incom-
ing signals, and they suffer from a dark count probability,
pd, which is, to a good approximation, also independent
of the signals received and has the same value for both
detectors.
In this scenario, it can be shown that the gains (i.e.,
the probabilities to observe a certain detection pattern
(kc, kd)) associated to the signal states in the X basis
can be expressed as
pXX(kc, kd|bA, bB) =
(1− pd)
[
pde
−2γ + qXX(kc, kd|bA, bB)
]
, (27)
for all bA, bB = 0, 1, and where γ =
√
ηα2, being
α > 0 the amplitude of the signal states. The term
qXX(kc, kd|bA, bB) that appears in Eq. (27) denotes the
gain corresponding to the case without dark counts in
the detectors. Its expression is given by
qXX(kc, kd|bA, bB) =
{
f−(θ,φ,γ) if kc ⊕ bA ⊕ bB = 1,
f+(θ,φ,γ) if kc ⊕ bA ⊕ bB = 0,
(28)
with θ = θA − θB. The functions f±(θ,φ,γ) have the form
f±(θ,φ,γ) = e
−γ[1±Ω(φ,θ)] − e−2γ , (29)
with Ω(φ, θ) = cosφ cos θ.
Similarly, we find that the probabilities pXX(kc, kd)
can be written as
pXX(kc, kd) =
1
2
(1− pd)
(
e−γΩ(φ,θ) + eγΩ(φ,θ)
)
e−γ
− (1− pd)2e−2γ . (30)
Also, from Eq. (27), together with Eqs. (6)-(8), we find
that the bit-error rates, eX,kckd , satisfy
eX,kckd =
e−γΩ(φ,θ) − (1− pd)e−γ
e−γΩ(φ,θ) + eγΩ(φ,θ) − 2(1− pd)e−γ . (31)
Finally, it can be shown that the gains associated to
the signals in the Z basis are given by
pZZ(kc, kd|βA, βB) =
(1− pd)
[
pde
−(β2A+β2B)
√
η + qZZ(kc, kd|βA, βB)
]
, (32)
where qZZ(kc, kd|βA, βB) denotes again the correspond-
ing gain assuming no dark counts in the detectors. Its
expression is
qZZ(kc, kd|βA, βB) = e−
(β2A+β
2
B)
√
η
2 I0 (βAβB
√
η cos θ)
− e−(β2A+β2B)√η, (33)
where the function I0(z) =
1
2pii
∮
e(z/2)(t+1/t)t−1dt is the
modified Bessel function of the first kind.
Some simulations of Eq. (18) assume that Alice and
Bob use an infinite number of decoy intensity settings
to estimate certain yields pZZ(kc, kd|nA, nB) precisely.
These quantities are given by
pZZ(kc, kd|nA, nB) =
(1− pd)
[
pd(1−√η)nA+nB + qZZ(kc, kd|nA, nB)
]
, (34)
where qZZ(kc, kd|nA, nB) has the form
8qZZ(kc, kd|nA, nB) =
nA∑
k=0
(
nA
k
) nB∑
l=0
(
nB
l
)√
ηk+l(1−√η)nA+nB−k−l
2k+lk!l!
k∑
m=0
(
k
m
) l∑
p=0
(
l
p
) min (k,m+p)∑
q=max (0,m+p−l)
(
k
q
)
(
l
m+ p− q
)
(m+p)!(k+ l−m−p)! cosm+q (θA) cosm+2p−q (θB) sin2k−m−q (θA) sin2l−m−2p+q (θB)− (1−√η)nA+nB .
(35)
Importantly, Eqs. (34)-(35) show that the yields
pZZ(kc, kd|nA, nB) do not depend on the phase mismatch
φ, which results in Protocol 3 being quite robust against
phase misalignment, as we discuss in the next section.
Simulation results
For completeness, in Fig. 2 in this Appendix we show
the optimal values of the signal intensity, α2, as a func-
tion of the overall loss between Alice and Bob for the
same cases considered in Fig. 1.
To plot the performance of Protocol 3 in Fig. 1, we
consider, for simplicity, that the sets S0 and S1 are
given by S0 = {(0, 0), (0, 1), (1, 0), (1, 1)} and S1 =
{(0, 0), (0, 1), (1, 0)} respectively. Also, we assume that
for all (mA,mB) ∈ Sj , Alice and Bob can estimate
the value of the yields pZZ(kc, kd|2mA + j, 2mB + j)
precisely. That is, in this figure we suppose that the
terms puppZZ (kc, kd|2mA + j, 2mB + j) in Eq. (21) sat-
isfy puppZZ (kc, kd|2mA + j, 2mB + j) = pZZ(kc, kd|2mA +
j, 2mB + j) with pZZ(kc, kd|2mA + j, 2mB + j) given by
Eqs. (34)-(35). This corresponds to the situation where
Alice and Bob use infinite decoy intensity settings to
estimate puppZZ (kc, kd|2mA + j, 2mB + j) exactly. More-
over, we set the experimental parameters θA = −θB =
0 20 40 60 80 100 120
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<latexit sha1_base64="+3aNBAQskjqAMlt5V21lEKGM210=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgv2ANpTNZtMu3d2E3Y1QQv+CFw+KePUPefPfuElz0NYH A4/3ZpiZFyScaeO6305lbX1jc6u6XdvZ3ds/qB8edXWcKkI7JOax6gdYU84k7RhmOO0nimIRcNoLpne533uiSrNYPppZQn2Bx5JFjGCTS8kovBnVG27TLYBWiVeSBpRoj+pfwzAmqaDSEI61HnhuYvwMK8MIp/PaMNU0wWSKx3RgqcSCaj8rbp2jM6uEKIqVLWlQof6eyLDQeiYC2ymwmehlLxf/8wapia79jMkkNVSSxaIo5cjEKH8chUxRYvjMEkwUs7ciMsEKE2PjqdkQvOWX V0n3oum5Te/hstG6LeOowgmcwjl4cAUtuIc2dIDABJ7hFd4c4bw4787HorXilDPH8AfO5w/PW44S</latexit><latexit sha1_base64="+3aNBAQskjqAMlt5V21lEKGM210=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgv2ANpTNZtMu3d2E3Y1QQv+CFw+KePUPefPfuElz0NYH A4/3ZpiZFyScaeO6305lbX1jc6u6XdvZ3ds/qB8edXWcKkI7JOax6gdYU84k7RhmOO0nimIRcNoLpne533uiSrNYPppZQn2Bx5JFjGCTS8kovBnVG27TLYBWiVeSBpRoj+pfwzAmqaDSEI61HnhuYvwMK8MIp/PaMNU0wWSKx3RgqcSCaj8rbp2jM6uEKIqVLWlQof6eyLDQeiYC2ymwmehlLxf/8wapia79jMkkNVSSxaIo5cjEKH8chUxRYvjMEkwUs7ciMsEKE2PjqdkQvOWX V0n3oum5Te/hstG6LeOowgmcwjl4cAUtuIc2dIDABJ7hFd4c4bw4787HorXilDPH8AfO5w/PW44S</latexit><latexit sha1_base64="+3aNBAQskjqAMlt5V21lEKGM210=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgv2ANpTNZtMu3d2E3Y1QQv+CFw+KePUPefPfuElz0NYH A4/3ZpiZFyScaeO6305lbX1jc6u6XdvZ3ds/qB8edXWcKkI7JOax6gdYU84k7RhmOO0nimIRcNoLpne533uiSrNYPppZQn2Bx5JFjGCTS8kovBnVG27TLYBWiVeSBpRoj+pfwzAmqaDSEI61HnhuYvwMK8MIp/PaMNU0wWSKx3RgqcSCaj8rbp2jM6uEKIqVLWlQof6eyLDQeiYC2ymwmehlLxf/8wapia79jMkkNVSSxaIo5cjEKH8chUxRYvjMEkwUs7ciMsEKE2PjqdkQvOWX V0n3oum5Te/hstG6LeOowgmcwjl4cAUtuIc2dIDABJ7hFd4c4bw4787HorXilDPH8AfO5w/PW44S</latexit>
Loss [ 10log10(⌘)] Alice  Bob (dB)
<latexit sha1_base64="hHghg5W NZh/wMX429Fvk/wtE/ok=">AAACK3icbZC7TsMwFIadci+3ACOLRYVUBqo EIcFYwsLAABItSElUOe5pserEke0gVVHeh4VXYYCBi1h5D9w0A7dfsvT7 O+fIPn+Ucqa047xZtZnZufmFxaX68srq2rq9sdlVIpMUOlRwIW8iooCzBD qaaQ43qQQSRxyuo9HppH59B1IxkVzpcQphTIYJGzBKtEE928sDGeNzoVQ RYH/fdco7F8Oil7tO0QxAk70wwCU+4YzCvieiogLNvrdX9OyG03JK4b/Gr UwDVbro2U9BX9AshkRTTpTyXSfVYU6kZpRDUQ8yBSmhIzIE39iExKDCvN y1wLuG9PFASHMSjUv6fSInsVLjODKdMdG36ndtAv+r+ZkeHIc5S9JMQ0Kn Dw0yjrXAk+Bwn0mgmo+NIVQy81dMb4kkVJt46yYE9/fKf033oOU6Lffys NH2qjgW0TbaQU3koiPURmfoAnUQRffoEb2gV+vBerberY9pa82qZrbQD1 mfX1JGpdw=</latexit><latexit sha1_base64="hHghg5W NZh/wMX429Fvk/wtE/ok=">AAACK3icbZC7TsMwFIadci+3ACOLRYVUBqo EIcFYwsLAABItSElUOe5pserEke0gVVHeh4VXYYCBi1h5D9w0A7dfsvT7 O+fIPn+Ucqa047xZtZnZufmFxaX68srq2rq9sdlVIpMUOlRwIW8iooCzBD qaaQ43qQQSRxyuo9HppH59B1IxkVzpcQphTIYJGzBKtEE928sDGeNzoVQ RYH/fdco7F8Oil7tO0QxAk70wwCU+4YzCvieiogLNvrdX9OyG03JK4b/Gr UwDVbro2U9BX9AshkRTTpTyXSfVYU6kZpRDUQ8yBSmhIzIE39iExKDCvN y1wLuG9PFASHMSjUv6fSInsVLjODKdMdG36ndtAv+r+ZkeHIc5S9JMQ0Kn Dw0yjrXAk+Bwn0mgmo+NIVQy81dMb4kkVJt46yYE9/fKf033oOU6Lffys NH2qjgW0TbaQU3koiPURmfoAnUQRffoEb2gV+vBerberY9pa82qZrbQD1 mfX1JGpdw=</latexit><latexit sha1_base64="hHghg5W NZh/wMX429Fvk/wtE/ok=">AAACK3icbZC7TsMwFIadci+3ACOLRYVUBqo EIcFYwsLAABItSElUOe5pserEke0gVVHeh4VXYYCBi1h5D9w0A7dfsvT7 O+fIPn+Ucqa047xZtZnZufmFxaX68srq2rq9sdlVIpMUOlRwIW8iooCzBD qaaQ43qQQSRxyuo9HppH59B1IxkVzpcQphTIYJGzBKtEE928sDGeNzoVQ RYH/fdco7F8Oil7tO0QxAk70wwCU+4YzCvieiogLNvrdX9OyG03JK4b/Gr UwDVbro2U9BX9AshkRTTpTyXSfVYU6kZpRDUQ8yBSmhIzIE39iExKDCvN y1wLuG9PFASHMSjUv6fSInsVLjODKdMdG36ndtAv+r+ZkeHIc5S9JMQ0Kn Dw0yjrXAk+Bwn0mgmo+NIVQy81dMb4kkVJt46yYE9/fKf033oOU6Lffys NH2qjgW0TbaQU3koiPURmfoAnUQRffoEb2gV+vBerberY9pa82qZrbQD1 mfX1JGpdw=</latexit>
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<latexit sha1_base64="0/szqqyVjWw48K4qIsLYRybibcY=">AAACA3icbVDLSgNBEJyNrxhfUW96GQyCp7AbBD0GvXgzgnlANobeySQZMrO7zPSKYQl48Ve8eFDEqz/hzb9x8jhoYkFDUdVNd1cQS2HQdb+dzNLyyupadj23sbm1vZPf3auZKNGMV1kkI90IwHApQl5FgZI3Ys1BBZLXg8Hl2K/fc21EFN7iMOYtBb1QdAUDtFI7f+Ajf0Ct0usYhQI58qkPMu7DXamdL7hFdwK6SLwZKZAZKu38l9+JWKJ4iEyCMU3PjbGVgkbBJB/l/MTwGNgAerxpaQiKm1Y6+WFEj63Sod1I2wqRTtTfEykoY4YqsJ0KsG/mvbH4n9dMsHveSkUYJ8hDNl3UTSTFiI4DoR2hOUM5tASYFvZWyvqggaGNLWdD8OZfXiS1UtFzi97NaaF8MYsjSw7JETkhHjkjZXJFKqRKGHkkz+SVvDlPzovz7nxMWzPObGaf/IHz+QNQIZfr</latexit><latexit sha1_base64="0/szqqyVjWw48K4qIsLYRybibcY=">AAACA3icbVDLSgNBEJyNrxhfUW96GQyCp7AbBD0GvXgzgnlANobeySQZMrO7zPSKYQl48Ve8eFDEqz/hzb9x8jhoYkFDUdVNd1cQS2HQdb+dzNLyyupadj23sbm1vZPf3auZKNGMV1kkI90IwHApQl5FgZI3Ys1BBZLXg8Hl2K/fc21EFN7iMOYtBb1QdAUDtFI7f+Ajf0Ct0usYhQI58qkPMu7DXamdL7hFdwK6SLwZKZAZKu38l9+JWKJ4iEyCMU3PjbGVgkbBJB/l/MTwGNgAerxpaQiKm1Y6+WFEj63Sod1I2wqRTtTfEykoY4YqsJ0KsG/mvbH4n9dMsHveSkUYJ8hDNl3UTSTFiI4DoR2hOUM5tASYFvZWyvqggaGNLWdD8OZfXiS1UtFzi97NaaF8MYsjSw7JETkhHjkjZXJFKqRKGHkkz+SVvDlPzovz7nxMWzPObGaf/IHz+QNQIZfr</latexit><latexit sha1_base64="0/szqqyVjWw48K4qIsLYRybibcY=">AAACA3icbVDLSgNBEJyNrxhfUW96GQyCp7AbBD0GvXgzgnlANobeySQZMrO7zPSKYQl48Ve8eFDEqz/hzb9x8jhoYkFDUdVNd1cQS2HQdb+dzNLyyupadj23sbm1vZPf3auZKNGMV1kkI90IwHApQl5FgZI3Ys1BBZLXg8Hl2K/fc21EFN7iMOYtBb1QdAUDtFI7f+Ajf0Ct0usYhQI58qkPMu7DXamdL7hFdwK6SLwZKZAZKu38l9+JWKJ4iEyCMU3PjbGVgkbBJB/l/MTwGNgAerxpaQiKm1Y6+WFEj63Sod1I2wqRTtTfEykoY4YqsJ0KsG/mvbH4n9dMsHveSkUYJ8hDNl3UTSTFiI4DoR2hOUM5tASYFvZWyvqggaGNLWdD8OZfXiS1UtFzi97NaaF8MYsjSw7JETkhHjkjZXJFKqRKGHkkz+SVvDlPzovz7nxMWzPObGaf/IHz+QNQIZfr</latexit>
FIG. 2: Optimal values of the signal intensity α2 in Protocol 3
as a function of the overall loss between Alice and Bob. The
different coloured lines identify different dark count rates, pd,
of the detectors in node C. These cases correspond to those
shown in Fig. 1
arcsin
√
0.02 which corresponds to a 2% polarization mis-
alignment, and we suppose that δ = 0. That is, for
simplicity, in Fig. 1 we neglect the effect of the phase
misalignment. This is motivated by the fact that, as we
show below, Protocol 3 is actually quite robust to phase
mismatch.
Fig. 3 considers the practical scenario where Alice
and Bob use a finite number of decoy intensity set-
tings to estimate puppZZ (kc, kd|2mA + j, 2mB + j). Here,
we suppose that each of them employs three decoy in-
tensity settings, which, for simplicity, we set equal to
β2A, β
2
B ∈ {0, 0.001, 0.1}. When the dark count rate, pd,
of the detectors at node C is pd = 10
−6 (pd = 10−8) we
fine-tune a bit the decoy intensity choices, β2A and β
2
B ,
around these intensity values. We do so in the loss region
near the cut-off points where the key rates drop down to
zero, i.e., when the overall loss between Alice and Bob
lies in the interval [57dB, 58dB] ([80dB, 93dB]). The esti-
mation of puppZZ (kc, kd|2mA+j, 2mB+j) is done by solving
the linear program given by Eq. (26). For this, we use
the sets S0 and S1 defined above, and we select Scut as
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10 8
<latexit sha1_base64="b6lzyyktH2YW8KuP8QOv7OtvRWw=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4sSQi2GPRi8cK9gPaWDbbbbt0s4m7E6GE/gkvHhTx6t/x5r9x0+agrQ8GHu/NMDMviKUw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmijRjDdYJCPdDqjhUijeQIGSt2PNaRhI3grGN5nfeuLaiEjd4yTmfkiHSgwEo2iltuc+pOfVabFXKrsVdwayTLyclCFHvVf66vYjloRcIZPUmI7nxuinVKNgkk+L3cTwmLIx HfKOpYqG3Pjp7N4pObVKnwwibUshmam/J1IaGjMJA9sZUhyZRS8T//M6CQ6qfipUnCBXbL5okEiCEcmeJ32hOUM5sYQyLeythI2opgxtRFkI3uLLy6R5UfHcind3Wa5d53EU4BhO4Aw8uIIa3EIdGsBAwjO8wpvz6Lw4787HvHXFyWeO4A+czx98QI7w</latexit><latexit sha1_base64="b6lzyyktH2YW8KuP8QOv7OtvRWw=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4sSQi2GPRi8cK9gPaWDbbbbt0s4m7E6GE/gkvHhTx6t/x5r9x0+agrQ8GHu/NMDMviKUw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmijRjDdYJCPdDqjhUijeQIGSt2PNaRhI3grGN5nfeuLaiEjd4yTmfkiHSgwEo2iltuc+pOfVabFXKrsVdwayTLyclCFHvVf66vYjloRcIZPUmI7nxuinVKNgkk+L3cTwmLIx HfKOpYqG3Pjp7N4pObVKnwwibUshmam/J1IaGjMJA9sZUhyZRS8T//M6CQ6qfipUnCBXbL5okEiCEcmeJ32hOUM5sYQyLeythI2opgxtRFkI3uLLy6R5UfHcind3Wa5d53EU4BhO4Aw8uIIa3EIdGsBAwjO8wpvz6Lw4787HvHXFyWeO4A+czx98QI7w</latexit><latexit sha1_base64="b6lzyyktH2YW8KuP8QOv7OtvRWw=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4sSQi2GPRi8cK9gPaWDbbbbt0s4m7E6GE/gkvHhTx6t/x5r9x0+agrQ8GHu/NMDMviKUw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmijRjDdYJCPdDqjhUijeQIGSt2PNaRhI3grGN5nfeuLaiEjd4yTmfkiHSgwEo2iltuc+pOfVabFXKrsVdwayTLyclCFHvVf66vYjloRcIZPUmI7nxuinVKNgkk+L3cTwmLIx HfKOpYqG3Pjp7N4pObVKnwwibUshmam/J1IaGjMJA9sZUhyZRS8T//M6CQ6qfipUnCBXbL5okEiCEcmeJ32hOUM5sYQyLeythI2opgxtRFkI3uLLy6R5UfHcind3Wa5d53EU4BhO4Aw8uIIa3EIdGsBAwjO8wpvz6Lw4787HvHXFyWeO4A+czx98QI7w</latexit>
10 7
<latexit sha1_base64="LYvD71ARXceVE6vQivjUB6FHKUY=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4sSQi1GPRi8cK9gPaWDbbbbt0s4m7E6GE/gkvHhTx6t/x5r9x0+agrQ8GHu/NMDMviKUw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmijRjDdYJCPdDqjhUijeQIGSt2PNaRhI3grGN5nfeuLaiEjd4yTmfkiHSgwEo2iltuc+pOfVabFXKrsVdwayTLyclCFHvVf66vYjloRcIZPUmI7nxuinVKNgkk+L3cTwmL IxHfKOpYqG3Pjp7N4pObVKnwwibUshmam/J1IaGjMJA9sZUhyZRS8T//M6CQ6u/FSoOEGu2HzRIJEEI5I9T/pCc4ZyYgllWthbCRtRTRnaiLIQvMWXl0nzouK5Fe/usly7zuMowDGcwBl4UIUa3EIdGsBAwjO8wpvz6Lw4787HvHXFyWeO4A+czx96uo7v</latexit><latexit sha1_base64="LYvD71ARXceVE6vQivjUB6FHKUY=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4sSQi1GPRi8cK9gPaWDbbbbt0s4m7E6GE/gkvHhTx6t/x5r9x0+agrQ8GHu/NMDMviKUw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmijRjDdYJCPdDqjhUijeQIGSt2PNaRhI3grGN5nfeuLaiEjd4yTmfkiHSgwEo2iltuc+pOfVabFXKrsVdwayTLyclCFHvVf66vYjloRcIZPUmI7nxuinVKNgkk+L3cTwmL IxHfKOpYqG3Pjp7N4pObVKnwwibUshmam/J1IaGjMJA9sZUhyZRS8T//M6CQ6u/FSoOEGu2HzRIJEEI5I9T/pCc4ZyYgllWthbCRtRTRnaiLIQvMWXl0nzouK5Fe/usly7zuMowDGcwBl4UIUa3EIdGsBAwjO8wpvz6Lw4787HvHXFyWeO4A+czx96uo7v</latexit><latexit sha1_base64="LYvD71ARXceVE6vQivjUB6FHKUY=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4sSQi1GPRi8cK9gPaWDbbbbt0s4m7E6GE/gkvHhTx6t/x5r9x0+agrQ8GHu/NMDMviKUw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmijRjDdYJCPdDqjhUijeQIGSt2PNaRhI3grGN5nfeuLaiEjd4yTmfkiHSgwEo2iltuc+pOfVabFXKrsVdwayTLyclCFHvVf66vYjloRcIZPUmI7nxuinVKNgkk+L3cTwmL IxHfKOpYqG3Pjp7N4pObVKnwwibUshmam/J1IaGjMJA9sZUhyZRS8T//M6CQ6u/FSoOEGu2HzRIJEEI5I9T/pCc4ZyYgllWthbCRtRTRnaiLIQvMWXl0nzouK5Fe/usly7zuMowDGcwBl4UIUa3EIdGsBAwjO8wpvz6Lw4787HvHXFyWeO4A+czx96uo7v</latexit>
10 6
<latexit sha1_base64="DOxpVqq7GN50XPem5QVbo0yWPXk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4sSQi6rHoxWMF+wFtLJvttF262cTdjVBC/4QXD4p49e9489+4aXPQ1gcDj/dmmJkXxIJr47rfztLyyuraemGjuLm1vbNb2ttv6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0k/nNJ1SaR/LejGP0QzqQvM8ZNVZqee5DenoxKXZLZbfiTkEWiZeTMuSodUtfnV7EkhClYYJq3fbc2PgpVYYzgZNiJ9EYU zaiA2xbKmmI2k+n907IsVV6pB8pW9KQqfp7IqWh1uMwsJ0hNUM972Xif147Mf0rP+UyTgxKNlvUTwQxEcmeJz2ukBkxtoQyxe2thA2poszYiLIQvPmXF0njrOK5Fe/uvFy9zuMowCEcwQl4cAlVuIUa1IGBgGd4hTfn0Xlx3p2PWeuSk88cwB84nz95NI7u</latexit><latexit sha1_base64="DOxpVqq7GN50XPem5QVbo0yWPXk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4sSQi6rHoxWMF+wFtLJvttF262cTdjVBC/4QXD4p49e9489+4aXPQ1gcDj/dmmJkXxIJr47rfztLyyuraemGjuLm1vbNb2ttv6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0k/nNJ1SaR/LejGP0QzqQvM8ZNVZqee5DenoxKXZLZbfiTkEWiZeTMuSodUtfnV7EkhClYYJq3fbc2PgpVYYzgZNiJ9EYU zaiA2xbKmmI2k+n907IsVV6pB8pW9KQqfp7IqWh1uMwsJ0hNUM972Xif147Mf0rP+UyTgxKNlvUTwQxEcmeJz2ukBkxtoQyxe2thA2poszYiLIQvPmXF0njrOK5Fe/uvFy9zuMowCEcwQl4cAlVuIUa1IGBgGd4hTfn0Xlx3p2PWeuSk88cwB84nz95NI7u</latexit><latexit sha1_base64="DOxpVqq7GN50XPem5QVbo0yWPXk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4sSQi6rHoxWMF+wFtLJvttF262cTdjVBC/4QXD4p49e9489+4aXPQ1gcDj/dmmJkXxIJr47rfztLyyuraemGjuLm1vbNb2ttv6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0k/nNJ1SaR/LejGP0QzqQvM8ZNVZqee5DenoxKXZLZbfiTkEWiZeTMuSodUtfnV7EkhClYYJq3fbc2PgpVYYzgZNiJ9EYU zaiA2xbKmmI2k+n907IsVV6pB8pW9KQqfp7IqWh1uMwsJ0hNUM972Xif147Mf0rP+UyTgxKNlvUTwQxEcmeJz2ukBkxtoQyxe2thA2poszYiLIQvPmXF0njrOK5Fe/uvFy9zuMowCEcwQl4cAlVuIUa1IGBgGd4hTfn0Xlx3p2PWeuSk88cwB84nz95NI7u</latexit>
10 5
<latexit sha1_base64="8T4j8w1o0F1C0LLmQfLfi16qryU=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4sSSi6LHoxWMF+wFtLJvttF262cTdjVBC/4QXD4p49e9489+4aXPQ1gcDj/dmmJkXxIJr47rfztLyyuraemGjuLm1vbNb2ttv6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0k/nNJ1SaR/LejGP0QzqQvM8ZNVZqee5DenoxKXZLZbfiTkEWiZeTMuSodUtfnV7EkhClYYJq3fbc2PgpVYYzgZNiJ9EYUzai A2xbKmmI2k+n907IsVV6pB8pW9KQqfp7IqWh1uMwsJ0hNUM972Xif147Mf0rP+UyTgxKNlvUTwQxEcmeJz2ukBkxtoQyxe2thA2poszYiLIQvPmXF0njrOK5Fe/uvFy9zuMowCEcwQl4cAlVuIUa1IGBgGd4hTfn0Xlx3p2PWeuSk88cwB84nz93ro7t</latexit><latexit sha1_base64="8T4j8w1o0F1C0LLmQfLfi16qryU=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4sSSi6LHoxWMF+wFtLJvttF262cTdjVBC/4QXD4p49e9489+4aXPQ1gcDj/dmmJkXxIJr47rfztLyyuraemGjuLm1vbNb2ttv6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0k/nNJ1SaR/LejGP0QzqQvM8ZNVZqee5DenoxKXZLZbfiTkEWiZeTMuSodUtfnV7EkhClYYJq3fbc2PgpVYYzgZNiJ9EYUzai A2xbKmmI2k+n907IsVV6pB8pW9KQqfp7IqWh1uMwsJ0hNUM972Xif147Mf0rP+UyTgxKNlvUTwQxEcmeJz2ukBkxtoQyxe2thA2poszYiLIQvPmXF0njrOK5Fe/uvFy9zuMowCEcwQl4cAlVuIUa1IGBgGd4hTfn0Xlx3p2PWeuSk88cwB84nz93ro7t</latexit><latexit sha1_base64="8T4j8w1o0F1C0LLmQfLfi16qryU=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4sSSi6LHoxWMF+wFtLJvttF262cTdjVBC/4QXD4p49e9489+4aXPQ1gcDj/dmmJkXxIJr47rfztLyyuraemGjuLm1vbNb2ttv6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0k/nNJ1SaR/LejGP0QzqQvM8ZNVZqee5DenoxKXZLZbfiTkEWiZeTMuSodUtfnV7EkhClYYJq3fbc2PgpVYYzgZNiJ9EYUzai A2xbKmmI2k+n907IsVV6pB8pW9KQqfp7IqWh1uMwsJ0hNUM972Xif147Mf0rP+UyTgxKNlvUTwQxEcmeJz2ukBkxtoQyxe2thA2poszYiLIQvPmXF0njrOK5Fe/uvFy9zuMowCEcwQl4cAlVuIUa1IGBgGd4hTfn0Xlx3p2PWeuSk88cwB84nz93ro7t</latexit>
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Loss [ 10log10(⌘)] Alice  Bob (dB)
<latexit sha1_base64="hHghg5WNZh/wMX429Fvk/wtE/ok=">AAACK3icbZC7TsMwFIadci+3ACOLRYVUBqoEIcFYwsLAABItSElUOe5pserEke0 gVVHeh4VXYYCBi1h5D9w0A7dfsvT7O+fIPn+Ucqa047xZtZnZufmFxaX68srq2rq9sdlVIpMUOlRwIW8iooCzBDqaaQ43qQQSRxyuo9HppH59B1IxkVzpcQphTIYJGzBKtEE928sDGeNzoVQRYH/fdco7F8Oil7tO0QxAk70wwCU+4YzCvieiogLNvrdX9OyG03JK4b/GrUwDVbro2U9BX9AshkRTTpTyXSfVY U6kZpRDUQ8yBSmhIzIE39iExKDCvNy1wLuG9PFASHMSjUv6fSInsVLjODKdMdG36ndtAv+r+ZkeHIc5S9JMQ0KnDw0yjrXAk+Bwn0mgmo+NIVQy81dMb4kkVJt46yYE9/fKf033oOU6LffysNH2qjgW0TbaQU3koiPURmfoAnUQRffoEb2gV+vBerberY9pa82qZrbQD1mfX1JGpdw=</latexit><latexit sha1_base64="hHghg5WNZh/wMX429Fvk/wtE/ok=">AAACK3icbZC7TsMwFIadci+3ACOLRYVUBqoEIcFYwsLAABItSElUOe5pserEke0 gVVHeh4VXYYCBi1h5D9w0A7dfsvT7O+fIPn+Ucqa047xZtZnZufmFxaX68srq2rq9sdlVIpMUOlRwIW8iooCzBDqaaQ43qQQSRxyuo9HppH59B1IxkVzpcQphTIYJGzBKtEE928sDGeNzoVQRYH/fdco7F8Oil7tO0QxAk70wwCU+4YzCvieiogLNvrdX9OyG03JK4b/GrUwDVbro2U9BX9AshkRTTpTyXSfVY U6kZpRDUQ8yBSmhIzIE39iExKDCvNy1wLuG9PFASHMSjUv6fSInsVLjODKdMdG36ndtAv+r+ZkeHIc5S9JMQ0KnDw0yjrXAk+Bwn0mgmo+NIVQy81dMb4kkVJt46yYE9/fKf033oOU6LffysNH2qjgW0TbaQU3koiPURmfoAnUQRffoEb2gV+vBerberY9pa82qZrbQD1mfX1JGpdw=</latexit><latexit sha1_base64="hHghg5WNZh/wMX429Fvk/wtE/ok=">AAACK3icbZC7TsMwFIadci+3ACOLRYVUBqoEIcFYwsLAABItSElUOe5pserEke0 gVVHeh4VXYYCBi1h5D9w0A7dfsvT7O+fIPn+Ucqa047xZtZnZufmFxaX68srq2rq9sdlVIpMUOlRwIW8iooCzBDqaaQ43qQQSRxyuo9HppH59B1IxkVzpcQphTIYJGzBKtEE928sDGeNzoVQRYH/fdco7F8Oil7tO0QxAk70wwCU+4YzCvieiogLNvrdX9OyG03JK4b/GrUwDVbro2U9BX9AshkRTTpTyXSfVY U6kZpRDUQ8yBSmhIzIE39iExKDCvNy1wLuG9PFASHMSjUv6fSInsVLjODKdMdG36ndtAv+r+ZkeHIc5S9JMQ0KnDw0yjrXAk+Bwn0mgmo+NIVQy81dMb4kkVJt46yYE9/fKf033oOU6LffysNH2qjgW0TbaQU3koiPURmfoAnUQRffoEb2gV+vBerberY9pa82qZrbQD1mfX1JGpdw=</latexit>
FIG. 3: Secret key rate (per pulse) in logarithmic scale
for Protocol 3 as a function of the overall loss between Al-
ice and Bob. The solid lines correspond to the cases illus-
trated in Fig. 1. They assume that Alice and Bob can esti-
mate the yields pZZ(kc, kd|2mA + j, 2mB + j) precisely for all
(mA,mB) ∈ Sj for any j ∈ {0, 1}. The dotted lines consider
the practical scenario where Alice and Bob use only three de-
coy intensity settings each to estimate these quantities. Our
simulation results demonstrate that three decoy intensity set-
tings are enough to basically reproduce the performance of
the asymptotic decoy state scenario studied in Fig. 1.
9Scut = {(nA, nB)|nA, nB ∈ N0, nA ≤ Mcut, nB ≤ Mcut}
for a prefixed value Mcut that we choose equal to 10.
Also, we consider the same experimental parameters as-
sumed in Fig. 1. We solve Eq. (26) by using the lin-
ear programming solver MOSEK [53], together with the
parser YALMIP [54].
Importantly, Fig. 3 demonstrates that only three de-
coy intensity settings are enough to basically reproduce
the same performance of the asymptotic decoy state sce-
nario illustrated in Fig. 1. This result is not surprising.
Indeed, it can be shown that the most relevant terms
puppZZ (kc, kd|2mA+j, 2mB+j) in Eq. (21) are those where
2mA + j + 2mB + j ≤ 2. And these terms can be esti-
mated very tightly already with three decoy intensities.
Of course, the more decoy intensity settings Alice and
Bob use, the more terms pZZ(kc, kd|2mA + j, 2mB + j)
they can upper bound tightly, and thus the smaller is
the estimated phase-error rate, and the higher is the re-
sulting secret key rate. In addition, we remark that up-
per bounding many terms pZZ(kc, kd|2mA + j, 2mB + j)
tightly also helps Alice and Bob to improve the secret key
rate in a more subtle way. In particular, they can increase
the amplitude α of the signal states, and thus increase
the prefactor pXX(kc, kd) in Eq. (19), without increasing
much the residual parameters ∆j . However, as we will
show below, these improvements are not too significant
when compared to the case illustrated in Fig. 3.
So far, in our simulations we have neglected the effect
of the phase mismatch between Alice and Bob’s signals.
This effect is investigated in Fig. 4. For illustrative pur-
0 20 40 60 80 100 120
-10
-8
-6
-4
-2
0
S
ec
re
t
k
ey
ra
te
(p
er
p
u
ls
e)
<latexit sha1_base64="cz4lm8GtlAvAAR9xl9Rza2xdC+0=">AAACDnicbVA9SwNBEN2LXzF+nVraLIZAbMKdCFoGbSwjmkTIHWFvM5cs2ftgd04IR36BjX/FxkIRW2s7/42bj0ITHww83pthZl6QSqHRcb6twsrq2vpGcbO0tb2zu2fvH7R0kikOTZ7IRN0HTIMUMTRRoIT7VAGLAgntYHg18dsPoLRI4jscpeBHrB+LUHCGRuraldxTEb0FrgA9OoSRRxVD8Gg1BeXRNJMaTsZdu+zUnCnoMnHnpEzmaHTtL6+X8CyCGLlkWndcJ0U/ZwoFlzAueZmGlPEh60PH0JhFoP18+s6YVozSo2GiTMVIp+rviZxFWo+iwHRGDAd60ZuI/3mdDMMLPxdxmiHEfLYozCTFhE6yoT2hgKMcGcK4EuZWygdMMY4mwZIJwV18eZm0TmuuU3Nvzsr1y3kcRXJEjkmVuOSc1Mk1aZAm4eSRPJNX8mY9WS/Wu/Uxay1Y85lD8gfW5w8XrJt8</latexit><latexit sha1_base64="cz4lm8GtlAvAAR9xl9Rza2xdC+0=">AAACDnicbVA9SwNBEN2LXzF+nVraLIZAbMKdCFoGbSwjmkTIHWFvM5cs2ftgd04IR36BjX/FxkIRW2s7/42bj0ITHww83pthZl6QSqHRcb6twsrq2vpGcbO0tb2zu2fvH7R0kikOTZ7IRN0HTIMUMTRRoIT7VAGLAgntYHg18dsPoLRI4jscpeBHrB+LUHCGRuraldxTEb0FrgA9OoSRRxVD8Gg1BeXRNJMaTsZdu+zUnCnoMnHnpEzmaHTtL6+X8CyCGLlkWndcJ0U/ZwoFlzAueZmGlPEh60PH0JhFoP18+s6YVozSo2GiTMVIp+rviZxFWo+iwHRGDAd60ZuI/3mdDMMLPxdxmiHEfLYozCTFhE6yoT2hgKMcGcK4EuZWygdMMY4mwZIJwV18eZm0TmuuU3Nvzsr1y3kcRXJEjkmVuOSc1Mk1aZAm4eSRPJNX8mY9WS/Wu/Uxay1Y85lD8gfW5w8XrJt8</latexit><latexit sha1_base64="cz4lm8GtlAvAAR9xl9Rza2xdC+0=">AAACDnicbVA9SwNBEN2LXzF+nVraLIZAbMKdCFoGbSwjmkTIHWFvM5cs2ftgd04IR36BjX/FxkIRW2s7/42bj0ITHww83pthZl6QSqHRcb6twsrq2vpGcbO0tb2zu2fvH7R0kikOTZ7IRN0HTIMUMTRRoIT7VAGLAgntYHg18dsPoLRI4jscpeBHrB+LUHCGRuraldxTEb0FrgA9OoSRRxVD8Gg1BeXRNJMaTsZdu+zUnCnoMnHnpEzmaHTtL6+X8CyCGLlkWndcJ0U/ZwoFlzAueZmGlPEh60PH0JhFoP18+s6YVozSo2GiTMVIp+rviZxFWo+iwHRGDAd60ZuI/3mdDMMLPxdxmiHEfLYozCTFhE6yoT2hgKMcGcK4EuZWygdMMY4mwZIJwV18eZm0TmuuU3Nvzsr1y3kcRXJEjkmVuOSc1Mk1aZAm4eSRPJNX8mY9WS/Wu/Uxay1Y85lD8gfW5w8XrJt8</latexit>
Loss [ 10log10(⌘)] Alice  Bob (dB)
<latexit sha1_base64="hHghg5W NZh/wMX429Fvk/wtE/ok=">AAACK3icbZC7TsMwFIadci+3ACOLRYVUBqo EIcFYwsLAABItSElUOe5pserEke0gVVHeh4VXYYCBi1h5D9w0A7dfsvT7 O+fIPn+Ucqa047xZtZnZufmFxaX68srq2rq9sdlVIpMUOlRwIW8iooCzBD qaaQ43qQQSRxyuo9HppH59B1IxkVzpcQphTIYJGzBKtEE928sDGeNzoVQ RYH/fdco7F8Oil7tO0QxAk70wwCU+4YzCvieiogLNvrdX9OyG03JK4b/Gr UwDVbro2U9BX9AshkRTTpTyXSfVYU6kZpRDUQ8yBSmhIzIE39iExKDCvN y1wLuG9PFASHMSjUv6fSInsVLjODKdMdG36ndtAv+r+ZkeHIc5S9JMQ0Kn Dw0yjrXAk+Bwn0mgmo+NIVQy81dMb4kkVJt46yYE9/fKf033oOU6Lffys NH2qjgW0TbaQU3koiPURmfoAnUQRffoEb2gV+vBerberY9pa82qZrbQD1 mfX1JGpdw=</latexit><latexit sha1_base64="hHghg5W NZh/wMX429Fvk/wtE/ok=">AAACK3icbZC7TsMwFIadci+3ACOLRYVUBqo EIcFYwsLAABItSElUOe5pserEke0gVVHeh4VXYYCBi1h5D9w0A7dfsvT7 O+fIPn+Ucqa047xZtZnZufmFxaX68srq2rq9sdlVIpMUOlRwIW8iooCzBD qaaQ43qQQSRxyuo9HppH59B1IxkVzpcQphTIYJGzBKtEE928sDGeNzoVQ RYH/fdco7F8Oil7tO0QxAk70wwCU+4YzCvieiogLNvrdX9OyG03JK4b/Gr UwDVbro2U9BX9AshkRTTpTyXSfVYU6kZpRDUQ8yBSmhIzIE39iExKDCvN y1wLuG9PFASHMSjUv6fSInsVLjODKdMdG36ndtAv+r+ZkeHIc5S9JMQ0Kn Dw0yjrXAk+Bwn0mgmo+NIVQy81dMb4kkVJt46yYE9/fKf033oOU6Lffys NH2qjgW0TbaQU3koiPURmfoAnUQRffoEb2gV+vBerberY9pa82qZrbQD1 mfX1JGpdw=</latexit><latexit sha1_base64="hHghg5W NZh/wMX429Fvk/wtE/ok=">AAACK3icbZC7TsMwFIadci+3ACOLRYVUBqo EIcFYwsLAABItSElUOe5pserEke0gVVHeh4VXYYCBi1h5D9w0A7dfsvT7 O+fIPn+Ucqa047xZtZnZufmFxaX68srq2rq9sdlVIpMUOlRwIW8iooCzBD qaaQ43qQQSRxyuo9HppH59B1IxkVzpcQphTIYJGzBKtEE928sDGeNzoVQ RYH/fdco7F8Oil7tO0QxAk70wwCU+4YzCvieiogLNvrdX9OyG03JK4b/Gr UwDVbro2U9BX9AshkRTTpTyXSfVYU6kZpRDUQ8yBSmhIzIE39iExKDCvN y1wLuG9PFASHMSjUv6fSInsVLjODKdMdG36ndtAv+r+ZkeHIc5S9JMQ0Kn Dw0yjrXAk+Bwn0mgmo+NIVQy81dMb4kkVJt46yYE9/fKf033oOU6Lffys NH2qjgW0TbaQU3koiPURmfoAnUQRffoEb2gV+vBerberY9pa82qZrbQD1 mfX1JGpdw=</latexit>
PLOB bound
<latexit sha1_base64="qjPvqAhA8wu9UP0kccmoo9jQzq0=">AAAB+nicbVDLSsNAFJ34rPWV6t LNYBFclUQEXZa6cSFYwT6gCWUymbRD5xFmJkqJ/RQ3LhRx65e482+ctllo64ELh3Pu5d57opRRbTzv21lZXVvf2Cxtlbd3dvf23cpBW8tMYdLCkknVjZAmjArSMtQw0k0VQTxipBONrqZ+54EoTaW4N+OUhB wNBE0oRsZKfbeSB4rD5s1tI4CRzEQ86btVr+bNAJeJX5AqKNDsu19BLHHGiTCYIa17vpeaMEfKUMzIpBxkmqQIj9CA9CwViBMd5rPTJ/DEKjFMpLIlDJypvydyxLUe88h2cmSGetGbiv95vcwkl2FORZoZIv B8UZIxaCSc5gBjqgg2bGwJworaWyEeIoWwsWmVbQj+4svLpH1W872af3derTeKOErgCByDU+CDC1AH16AJWgCDR/AMXsGb8+S8OO/Ox7x1xSlmDsEfOJ8/XaGTaQ==</latexit><latexit sha1_base64="qjPvqAhA8wu9UP0kccmoo9jQzq0=">AAAB+nicbVDLSsNAFJ34rPWV6t LNYBFclUQEXZa6cSFYwT6gCWUymbRD5xFmJkqJ/RQ3LhRx65e482+ctllo64ELh3Pu5d57opRRbTzv21lZXVvf2Cxtlbd3dvf23cpBW8tMYdLCkknVjZAmjArSMtQw0k0VQTxipBONrqZ+54EoTaW4N+OUhB wNBE0oRsZKfbeSB4rD5s1tI4CRzEQ86btVr+bNAJeJX5AqKNDsu19BLHHGiTCYIa17vpeaMEfKUMzIpBxkmqQIj9CA9CwViBMd5rPTJ/DEKjFMpLIlDJypvydyxLUe88h2cmSGetGbiv95vcwkl2FORZoZIv B8UZIxaCSc5gBjqgg2bGwJworaWyEeIoWwsWmVbQj+4svLpH1W872af3derTeKOErgCByDU+CDC1AH16AJWgCDR/AMXsGb8+S8OO/Ox7x1xSlmDsEfOJ8/XaGTaQ==</latexit><latexit sha1_base64="qjPvqAhA8wu9UP0kccmoo9jQzq0=">AAAB+nicbVDLSsNAFJ34rPWV6t LNYBFclUQEXZa6cSFYwT6gCWUymbRD5xFmJkqJ/RQ3LhRx65e482+ctllo64ELh3Pu5d57opRRbTzv21lZXVvf2Cxtlbd3dvf23cpBW8tMYdLCkknVjZAmjArSMtQw0k0VQTxipBONrqZ+54EoTaW4N+OUhB wNBE0oRsZKfbeSB4rD5s1tI4CRzEQ86btVr+bNAJeJX5AqKNDsu19BLHHGiTCYIa17vpeaMEfKUMzIpBxkmqQIj9CA9CwViBMd5rPTJ/DEKjFMpLIlDJypvydyxLUe88h2cmSGetGbiv95vcwkl2FORZoZIv B8UZIxaCSc5gBjqgg2bGwJworaWyEeIoWwsWmVbQj+4svLpH1W872af3derTeKOErgCByDU+CDC1AH16AJWgCDR/AMXsGb8+S8OO/Ox7x1xSlmDsEfOJ8/XaGTaQ==</latexit>
  = 0
<latexit sha1_base64="geZ9MMdr+K223vAB8mP1c1FBjlc=">AAAB73icbVBNS8NAEJ 3Ur1q/qh69LBbBU0lE0ItQ9OKxgq2FNpTNZtMu3Wzi7kQooX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zMC1IpDLrut1NaWV1b3yhvVra2d3b3qvsHbZNkmvEWS2SiOwE1XArFWyhQ8k6q OY0DyR+C0c3Uf3ji2ohE3eM45X5MB0pEglG0UqcXcon0yu1Xa27dnYEsE68gNSjQ7Fe/emHCspgrZJIa0/XcFP2cahRM8kmllxmeUjaiA961VNGYGz+f3TshJ1YJSZRoWwrJTP09kd PYmHEc2M6Y4tAselPxP6+bYXTp50KlGXLF5ouiTBJMyPR5EgrNGcqxJZRpYW8lbEg1ZWgjqtgQvMWXl0n7rO65de/uvNa4LuIowxEcwyl4cAENuIUmtICBhGd4hTfn0Xlx3p2PeWvJ KWYO4Q+czx+Fto+d</latexit><latexit sha1_base64="geZ9MMdr+K223vAB8mP1c1FBjlc=">AAAB73icbVBNS8NAEJ 3Ur1q/qh69LBbBU0lE0ItQ9OKxgq2FNpTNZtMu3Wzi7kQooX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zMC1IpDLrut1NaWV1b3yhvVra2d3b3qvsHbZNkmvEWS2SiOwE1XArFWyhQ8k6q OY0DyR+C0c3Uf3ji2ohE3eM45X5MB0pEglG0UqcXcon0yu1Xa27dnYEsE68gNSjQ7Fe/emHCspgrZJIa0/XcFP2cahRM8kmllxmeUjaiA961VNGYGz+f3TshJ1YJSZRoWwrJTP09kd PYmHEc2M6Y4tAselPxP6+bYXTp50KlGXLF5ouiTBJMyPR5EgrNGcqxJZRpYW8lbEg1ZWgjqtgQvMWXl0n7rO65de/uvNa4LuIowxEcwyl4cAENuIUmtICBhGd4hTfn0Xlx3p2PeWvJ KWYO4Q+czx+Fto+d</latexit><latexit sha1_base64="geZ9MMdr+K223vAB8mP1c1FBjlc=">AAAB73icbVBNS8NAEJ 3Ur1q/qh69LBbBU0lE0ItQ9OKxgq2FNpTNZtMu3Wzi7kQooX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zMC1IpDLrut1NaWV1b3yhvVra2d3b3qvsHbZNkmvEWS2SiOwE1XArFWyhQ8k6q OY0DyR+C0c3Uf3ji2ohE3eM45X5MB0pEglG0UqcXcon0yu1Xa27dnYEsE68gNSjQ7Fe/emHCspgrZJIa0/XcFP2cahRM8kmllxmeUjaiA961VNGYGz+f3TshJ1YJSZRoWwrJTP09kd PYmHEc2M6Y4tAselPxP6+bYXTp50KlGXLF5ouiTBJMyPR5EgrNGcqxJZRpYW8lbEg1ZWgjqtgQvMWXl0n7rO65de/uvNa4LuIowxEcwyl4cAENuIUmtICBhGd4hTfn0Xlx3p2PeWvJ KWYO4Q+czx+Fto+d</latexit>
  = 0.05
<latexit sha1_base64="pOk1AJ1gyKLoRcN0SSdYAoJ/CzM=">AAAB8nicbVBNS8NAEJ 3Ur1q/qh69BIvgqSSi6EUoevFYwdpCGspms2mXbnbD7kQopT/DiwdFvPprvPlv3LY5aOuDZR/vzTAzL8oEN+h5305pZXVtfaO8Wdna3tndq+4fPBqVa8paVAmlOxExTHDJWshRsE6mG UkjwdrR8Hbqt5+YNlzJBxxlLExJX/KEU4JWCroxE0iuvbp30avW7DeDu0z8gtSgQLNX/erGiuYpk0gFMSbwvQzDMdHIqWCTSjc3LCN0SPossFSSlJlwPFt54p5YJXYTpe2T6M7U3x1j khozSiNbmRIcmEVvKv7nBTkmV+GYyyxHJul8UJILF5U7vd+NuWYUxcgSQjW3u7p0QDShaFOq2BD8xZOXyeNZ3ffq/v15rXFTxFGGIziGU/DhEhpwB01oAQUFz/AKbw46L8678zEvLTlF zyH8gfP5A9xykE4=</latexit><latexit sha1_base64="pOk1AJ1gyKLoRcN0SSdYAoJ/CzM=">AAAB8nicbVBNS8NAEJ 3Ur1q/qh69BIvgqSSi6EUoevFYwdpCGspms2mXbnbD7kQopT/DiwdFvPprvPlv3LY5aOuDZR/vzTAzL8oEN+h5305pZXVtfaO8Wdna3tndq+4fPBqVa8paVAmlOxExTHDJWshRsE6mG UkjwdrR8Hbqt5+YNlzJBxxlLExJX/KEU4JWCroxE0iuvbp30avW7DeDu0z8gtSgQLNX/erGiuYpk0gFMSbwvQzDMdHIqWCTSjc3LCN0SPossFSSlJlwPFt54p5YJXYTpe2T6M7U3x1j khozSiNbmRIcmEVvKv7nBTkmV+GYyyxHJul8UJILF5U7vd+NuWYUxcgSQjW3u7p0QDShaFOq2BD8xZOXyeNZ3ffq/v15rXFTxFGGIziGU/DhEhpwB01oAQUFz/AKbw46L8678zEvLTlF zyH8gfP5A9xykE4=</latexit><latexit sha1_base64="pOk1AJ1gyKLoRcN0SSdYAoJ/CzM=">AAAB8nicbVBNS8NAEJ 3Ur1q/qh69BIvgqSSi6EUoevFYwdpCGspms2mXbnbD7kQopT/DiwdFvPprvPlv3LY5aOuDZR/vzTAzL8oEN+h5305pZXVtfaO8Wdna3tndq+4fPBqVa8paVAmlOxExTHDJWshRsE6mG UkjwdrR8Hbqt5+YNlzJBxxlLExJX/KEU4JWCroxE0iuvbp30avW7DeDu0z8gtSgQLNX/erGiuYpk0gFMSbwvQzDMdHIqWCTSjc3LCN0SPossFSSlJlwPFt54p5YJXYTpe2T6M7U3x1j khozSiNbmRIcmEVvKv7nBTkmV+GYyyxHJul8UJILF5U7vd+NuWYUxcgSQjW3u7p0QDShaFOq2BD8xZOXyeNZ3ffq/v15rXFTxFGGIziGU/DhEhpwB01oAQUFz/AKbw46L8678zEvLTlF zyH8gfP5A9xykE4=</latexit>
  = 0.1
<latexit sha1_base64="QHZlacvMw8qYggGYv5fS1ZL0C4Y=">AAAB8XicbVBNS8NAE J3Ur1q/qh69LBbBU0lE0ItQ9OKxgq3FNpTNZtIu3WzC7kYoof/CiwdFvPpvvPlv3LY5aOuDgcd7M8zMC1LBtXHdb6e0srq2vlHerGxt7+zuVfcP2jrJFMMWS0SiOgHVKLjEluFGYCd VSONA4EMwupn6D0+oNE/kvRmn6Md0IHnEGTVWeuyFKAy9cutev1pz6+4MZJl4BalBgWa/+tULE5bFKA0TVOuu56bGz6kynAmcVHqZxpSyER1g11JJY9R+Prt4Qk6sEpIoUbakITP1 90ROY63HcWA7Y2qGetGbiv953cxEl37OZZoZlGy+KMoEMQmZvk9CrpAZMbaEMsXtrYQNqaLM2JAqNgRv8eVl0j6rezaxu/Na47qIowxHcAyn4MEFNOAWmtACBhKe4RXeHO28OO/Ox 7y15BQzh/AHzucPZXuQEA==</latexit><latexit sha1_base64="QHZlacvMw8qYggGYv5fS1ZL0C4Y=">AAAB8XicbVBNS8NAE J3Ur1q/qh69LBbBU0lE0ItQ9OKxgq3FNpTNZtIu3WzC7kYoof/CiwdFvPpvvPlv3LY5aOuDgcd7M8zMC1LBtXHdb6e0srq2vlHerGxt7+zuVfcP2jrJFMMWS0SiOgHVKLjEluFGYCd VSONA4EMwupn6D0+oNE/kvRmn6Md0IHnEGTVWeuyFKAy9cutev1pz6+4MZJl4BalBgWa/+tULE5bFKA0TVOuu56bGz6kynAmcVHqZxpSyER1g11JJY9R+Prt4Qk6sEpIoUbakITP1 90ROY63HcWA7Y2qGetGbiv953cxEl37OZZoZlGy+KMoEMQmZvk9CrpAZMbaEMsXtrYQNqaLM2JAqNgRv8eVl0j6rezaxu/Na47qIowxHcAyn4MEFNOAWmtACBhKe4RXeHO28OO/Ox 7y15BQzh/AHzucPZXuQEA==</latexit><latexit sha1_base64="QHZlacvMw8qYggGYv5fS1ZL0C4Y=">AAAB8XicbVBNS8NAE J3Ur1q/qh69LBbBU0lE0ItQ9OKxgq3FNpTNZtIu3WzC7kYoof/CiwdFvPpvvPlv3LY5aOuDgcd7M8zMC1LBtXHdb6e0srq2vlHerGxt7+zuVfcP2jrJFMMWS0SiOgHVKLjEluFGYCd VSONA4EMwupn6D0+oNE/kvRmn6Md0IHnEGTVWeuyFKAy9cutev1pz6+4MZJl4BalBgWa/+tULE5bFKA0TVOuu56bGz6kynAmcVHqZxpSyER1g11JJY9R+Prt4Qk6sEpIoUbakITP1 90ROY63HcWA7Y2qGetGbiv953cxEl37OZZoZlGy+KMoEMQmZvk9CrpAZMbaEMsXtrYQNqaLM2JAqNgRv8eVl0j6rezaxu/Na47qIowxHcAyn4MEFNOAWmtACBhKe4RXeHO28OO/Ox 7y15BQzh/AHzucPZXuQEA==</latexit>
  = 0.15
<latexit sha1_base64="nXTYYsIImClXINEszGbFN/aaxJw=">AAAB8nicbVBNS8NAEJ 3Ur1q/qh69BIvgqSSi6EUoevFYwdpCGspms2mXbnbD7kQopT/DiwdFvPprvPlv3LY5aOuDgcd7M8zMizLBDXret1NaWV1b3yhvVra2d3b3qvsHj0blmrIWVULpTkQME1yyFnIUrJNpRt JIsHY0vJ367SemDVfyAUcZC1PSlzzhlKCVgm7MBJJrr+5f9Ko1r+7N4C4TvyA1KNDsVb+6saJ5yiRSQYwJfC/DcEw0cirYpNLNDcsIHZI+CyyVJGUmHM9OnrgnVondRGlbEt2Z+ntiTF JjRmlkO1OCA7PoTcX/vCDH5Cocc5nlyCSdL0py4aJyp/+7MdeMohhZQqjm9laXDogmFG1KFRuCv/jyMnk8q/s2svvzWuOmiKMMR3AMp+DDJTTgDprQAgoKnuEV3hx0Xpx352PeWnKKm UP4A+fzB933kE8=</latexit><latexit sha1_base64="nXTYYsIImClXINEszGbFN/aaxJw=">AAAB8nicbVBNS8NAEJ 3Ur1q/qh69BIvgqSSi6EUoevFYwdpCGspms2mXbnbD7kQopT/DiwdFvPprvPlv3LY5aOuDgcd7M8zMizLBDXret1NaWV1b3yhvVra2d3b3qvsHj0blmrIWVULpTkQME1yyFnIUrJNpRt JIsHY0vJ367SemDVfyAUcZC1PSlzzhlKCVgm7MBJJrr+5f9Ko1r+7N4C4TvyA1KNDsVb+6saJ5yiRSQYwJfC/DcEw0cirYpNLNDcsIHZI+CyyVJGUmHM9OnrgnVondRGlbEt2Z+ntiTF JjRmlkO1OCA7PoTcX/vCDH5Cocc5nlyCSdL0py4aJyp/+7MdeMohhZQqjm9laXDogmFG1KFRuCv/jyMnk8q/s2svvzWuOmiKMMR3AMp+DDJTTgDprQAgoKnuEV3hx0Xpx352PeWnKKm UP4A+fzB933kE8=</latexit><latexit sha1_base64="nXTYYsIImClXINEszGbFN/aaxJw=">AAAB8nicbVBNS8NAEJ 3Ur1q/qh69BIvgqSSi6EUoevFYwdpCGspms2mXbnbD7kQopT/DiwdFvPprvPlv3LY5aOuDgcd7M8zMizLBDXret1NaWV1b3yhvVra2d3b3qvsHj0blmrIWVULpTkQME1yyFnIUrJNpRt JIsHY0vJ367SemDVfyAUcZC1PSlzzhlKCVgm7MBJJrr+5f9Ko1r+7N4C4TvyA1KNDsVb+6saJ5yiRSQYwJfC/DcEw0cirYpNLNDcsIHZI+CyyVJGUmHM9OnrgnVondRGlbEt2Z+ntiTF JjRmlkO1OCA7PoTcX/vCDH5Cocc5nlyCSdL0py4aJyp/+7MdeMohhZQqjm9laXDogmFG1KFRuCv/jyMnk8q/s2svvzWuOmiKMMR3AMp+DDJTTgDprQAgoKnuEV3hx0Xpx352PeWnKKm UP4A+fzB933kE8=</latexit>
  = 0.2
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FIG. 4: Secret key rate (per pulse) in logarithmic scale for
Protocol 3 as a function of the overall loss between Alice and
Bob, for various values of the phase mismatch parameter δ ∈
{0, 0.05, 0.1, 0.15, 0.2}. All other experimental parameters are
equal to those considered in Fig. 1, and we set pd = 10
−7.
Our simulation results indicate that Protocol 3 is quite robust
against phase mismatch. Indeed, when δ is about 5% the
results are almost indistinguishable from those of the ideal
scenario with no phase mismatch. Also, even when δ is as
high as 15% one can still beat the PLOB bound. This is
mainly because phase mismatch does not increase the phase-
error rate but only affects the bit-error rate of the X-basis
signals used for key generation.
poses, in this figure we consider that pd = 10
−7, and we
evaluate the resulting secret key rate for various values of
the parameter δ ∈ {0, 0.05, 0.1, 0.15, 0.2}. The case δ = 0
corresponds to that shown in Fig. 1. The results illus-
trated in Fig. 4 confirm that Protocol 3 is actually quite
robust against phase mismatch. Indeed, when the phase
mismatch is about 5% the secret key rate is almost indis-
tinguishable from that of the ideal scenario with no phase
mismatch. Even when the phase mismatch is as high as
15% one can still beat the PLOB bound. As we have
mentioned briefly earlier, this is mainly because phase
mismatch does not affect the yields pZZ(kc, kd|nA, nB)
of the Z-basis signals, and, as a consequence of that, it
does not increase the phase-error rate of the X-basis sig-
nals used for key generation. The phase mismatch only
affects the bit-error rate of the X-basis signals. As a re-
sult, if the phase mismatch is not too large, it turns out
that its effect on the secret key rate is relatively small,
as shown in Fig. 4.
To conclude this section, we investigate the effect
that the sets S0 and S1 have on the secret key
rate. For this, we now consider that these sets sat-
isfy S0 = {(mA,mB)|2mA + 2mB ≤ Nmax} and S1 =
{(mA,mB)|2mA + 1 + 2mB + 1 ≤ Nmax}. That is, we
suppose that Alice and Bob nontrivially upper bound
only those yields pZZ(kc, kd|2mA + j, 2mB + j), with
2mA + j + 2mB + j ≤ Nmax, for certain number Nmax,
which, without loss of generality, we shall consider is an
even number because 2mA+ j+ 2mB + j is also even. In
addition, for simplicity, we shall consider that Alice and
Bob can estimate the yields pZZ(kc, kd|2mA+j, 2mB+j),
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Loss [ 10log10(⌘)] Alice  Bob (dB)
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PLOB bound
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nA + nB  2
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nA + nB  6
<latexit sha1_base64="/QyGo+TNv0PwokpZyXa8aIUpsXY=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXRD3GePEYwTwgWcLspJMMmZ3dzMwGQsh3ePGgiFc/xpt/4yTZgyYWNBRV3XR3BbHg2rjut5NZW9/Y3Mpu53Z29/YP8odHNR0limGVRSJSjYBqFFxi1XAjsBErpGEgsB4M7md+fYRK80g+mXGMfkh7knc5o8ZKvmzfXch2uSVwSK7b+YJbdOcgq8RLSQFSVNr5r1YnYkmI0jBBtW56bmz8C VWGM4HTXCvRGFM2oD1sWippiNqfzI+ekjOrdEg3UrakIXP198SEhlqPw8B2htT09bI3E//zmonp3voTLuPEoGSLRd1EEBORWQKkwxUyI8aWUKa4vZWwPlWUGZtTzobgLb+8SmqXRc8teo9XhVI5jSMLJ3AK5+DBDZTgASpQBQZDeIZXeHNGzovz7nwsWjNOOnMMf+B8/gBxgZE4</latexit><latexit sha1_base64="/QyGo+TNv0PwokpZyXa8aIUpsXY=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXRD3GePEYwTwgWcLspJMMmZ3dzMwGQsh3ePGgiFc/xpt/4yTZgyYWNBRV3XR3BbHg2rjut5NZW9/Y3Mpu53Z29/YP8odHNR0limGVRSJSjYBqFFxi1XAjsBErpGEgsB4M7md+fYRK80g+mXGMfkh7knc5o8ZKvmzfXch2uSVwSK7b+YJbdOcgq8RLSQFSVNr5r1YnYkmI0jBBtW56bmz8C VWGM4HTXCvRGFM2oD1sWippiNqfzI+ekjOrdEg3UrakIXP198SEhlqPw8B2htT09bI3E//zmonp3voTLuPEoGSLRd1EEBORWQKkwxUyI8aWUKa4vZWwPlWUGZtTzobgLb+8SmqXRc8teo9XhVI5jSMLJ3AK5+DBDZTgASpQBQZDeIZXeHNGzovz7nwsWjNOOnMMf+B8/gBxgZE4</latexit><latexit sha1_base64="/QyGo+TNv0PwokpZyXa8aIUpsXY=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXRD3GePEYwTwgWcLspJMMmZ3dzMwGQsh3ePGgiFc/xpt/4yTZgyYWNBRV3XR3BbHg2rjut5NZW9/Y3Mpu53Z29/YP8odHNR0limGVRSJSjYBqFFxi1XAjsBErpGEgsB4M7md+fYRK80g+mXGMfkh7knc5o8ZKvmzfXch2uSVwSK7b+YJbdOcgq8RLSQFSVNr5r1YnYkmI0jBBtW56bmz8C VWGM4HTXCvRGFM2oD1sWippiNqfzI+ekjOrdEg3UrakIXP198SEhlqPw8B2htT09bI3E//zmonp3voTLuPEoGSLRd1EEBORWQKkwxUyI8aWUKa4vZWwPlWUGZtTzobgLb+8SmqXRc8teo9XhVI5jSMLJ3AK5+DBDZTgASpQBQZDeIZXeHNGzovz7nwsWjNOOnMMf+B8/gBxgZE4</latexit>
nA + nB  1
<latexit sha1_base64="Mb2l0hTMhRnkb09ym7sUeFplP+I=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0UQhJKIoMdaLx4r2A9oQthsN+3SzSbubsQS+le8eFDEq3/Em//GbZuDtj4YeLw3w8y8MOVMacf5tlZW19Y3Nktb5e2d3b19+6DSVkkmCW2RhCeyG2JFORO0pZnmtJtKiuOQ0044upn6nUcqFUvEvR6n1I/xQLCIEayNFNgVEVyfiaDhcfqAPCYiPQ7sqlNzZkDLxC1IFQo0A/vL6ycki6nQhGOle q6Taj/HUjPC6aTsZYqmmIzwgPYMFTimys9nt0/QiVH6KEqkKaHRTP09keNYqXEcms4Y66Fa9Kbif14v09GVnzORZpoKMl8UZRzpBE2DQH0mKdF8bAgmkplbERliiYk2cZVNCO7iy8ukfV5znZp7d1GtN4o4SnAEx3AKLlxCHW6hCS0g8ATP8Apv1sR6sd6tj3nrilXMHMIfWJ8/PjaT6w==</latexit><latexit sha1_base64="Mb2l0hTMhRnkb09ym7sUeFplP+I=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0UQhJKIoMdaLx4r2A9oQthsN+3SzSbubsQS+le8eFDEq3/Em//GbZuDtj4YeLw3w8y8MOVMacf5tlZW19Y3Nktb5e2d3b19+6DSVkkmCW2RhCeyG2JFORO0pZnmtJtKiuOQ0044upn6nUcqFUvEvR6n1I/xQLCIEayNFNgVEVyfiaDhcfqAPCYiPQ7sqlNzZkDLxC1IFQo0A/vL6ycki6nQhGOle q6Taj/HUjPC6aTsZYqmmIzwgPYMFTimys9nt0/QiVH6KEqkKaHRTP09keNYqXEcms4Y66Fa9Kbif14v09GVnzORZpoKMl8UZRzpBE2DQH0mKdF8bAgmkplbERliiYk2cZVNCO7iy8ukfV5znZp7d1GtN4o4SnAEx3AKLlxCHW6hCS0g8ATP8Apv1sR6sd6tj3nrilXMHMIfWJ8/PjaT6w==</latexit><latexit sha1_base64="Mb2l0hTMhRnkb09ym7sUeFplP+I=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0UQhJKIoMdaLx4r2A9oQthsN+3SzSbubsQS+le8eFDEq3/Em//GbZuDtj4YeLw3w8y8MOVMacf5tlZW19Y3Nktb5e2d3b19+6DSVkkmCW2RhCeyG2JFORO0pZnmtJtKiuOQ0044upn6nUcqFUvEvR6n1I/xQLCIEayNFNgVEVyfiaDhcfqAPCYiPQ7sqlNzZkDLxC1IFQo0A/vL6ycki6nQhGOle q6Taj/HUjPC6aTsZYqmmIzwgPYMFTimys9nt0/QiVH6KEqkKaHRTP09keNYqXEcms4Y66Fa9Kbif14v09GVnzORZpoKMl8UZRzpBE2DQH0mKdF8bAgmkplbERliiYk2cZVNCO7iy8ukfV5znZp7d1GtN4o4SnAEx3AKLlxCHW6hCS0g8ATP8Apv1sR6sd6tj3nrilXMHMIfWJ8/PjaT6w==</latexit>
nA + nB = 0
<latexit sha1_base64="sacsA7zbQWqJjXyQhQ/4h739VJI=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBEMquCHoRar14rGA/pF2WbJptQ5PskmSFsvRXePGgiFd/jjf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+QUvHqSK0SWIeq06INeVM0qZhhtNOoigWIaftcHQ79dtPVGkWywczTqgv8ECyiBFsrPQog5szGdSv3aBccavuDGiZeDmpQI5GUP7q9WOSCioN4Vjrrucmxs+ wMoxwOin1Uk0TTEZ4QLuWSiyo9rPZwRN0YpU+imJlSxo0U39PZFhoPRah7RTYDPWiNxX/87qpia78jMkkNVSS+aIo5cjEaPo96jNFieFjSzBRzN6KyBArTIzNqGRD8BZfXiat86rnVr37i0qtnsdRhCM4hlPw4BJqcAcNaAIBAc/wCm+Ocl6cd+dj3lpw8plD+APn8wd+TI+J</latexit><latexit sha1_base64="sacsA7zbQWqJjXyQhQ/4h739VJI=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBEMquCHoRar14rGA/pF2WbJptQ5PskmSFsvRXePGgiFd/jjf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+QUvHqSK0SWIeq06INeVM0qZhhtNOoigWIaftcHQ79dtPVGkWywczTqgv8ECyiBFsrPQog5szGdSv3aBccavuDGiZeDmpQI5GUP7q9WOSCioN4Vjrrucmxs+ wMoxwOin1Uk0TTEZ4QLuWSiyo9rPZwRN0YpU+imJlSxo0U39PZFhoPRah7RTYDPWiNxX/87qpia78jMkkNVSS+aIo5cjEaPo96jNFieFjSzBRzN6KyBArTIzNqGRD8BZfXiat86rnVr37i0qtnsdRhCM4hlPw4BJqcAcNaAIBAc/wCm+Ocl6cd+dj3lpw8plD+APn8wd+TI+J</latexit><latexit sha1_base64="sacsA7zbQWqJjXyQhQ/4h739VJI=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBEMquCHoRar14rGA/pF2WbJptQ5PskmSFsvRXePGgiFd/jjf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+QUvHqSK0SWIeq06INeVM0qZhhtNOoigWIaftcHQ79dtPVGkWywczTqgv8ECyiBFsrPQog5szGdSv3aBccavuDGiZeDmpQI5GUP7q9WOSCioN4Vjrrucmxs+ wMoxwOin1Uk0TTEZ4QLuWSiyo9rPZwRN0YpU+imJlSxo0U39PZFhoPRah7RTYDPWiNxX/87qpia78jMkkNVSS+aIo5cjEaPo96jNFieFjSzBRzN6KyBArTIzNqGRD8BZfXiat86rnVr37i0qtnsdRhCM4hlPw4BJqcAcNaAIBAc/wCm+Ocl6cd+dj3lpw8plD+APn8wd+TI+J</latexit>
FIG. 5: Secret key rate (per pulse) in logarithmic scale for
Protocol 3 as a function of the overall loss between Alice
and Bob for different sets S0 and S1. More precisely, we
consider that S0 = {(mA,mB)|2mA + 2mB ≤ Nmax} and
S1 = {(mA,mB)|2mA + 1 + 2mB + 1 ≤ Nmax} for given
Nmax. Moreover, for simplicity, we assume that Alice and
Bob can estimate the yields pZZ(kc, kd|2mA + j, 2mB + j),
with 2mA + j + 2mB + j ≤ Nmax, precisely. In this figure
we use the same experimental parameters employed in Fig. 1,
and we set pd = 10
−7. Our simulation results indicate that
the case Nmax = 4 already delivers a secret key rate very close
to the ideal scenario where one evaluates Eq. (20) exactly.
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with (mA,mB) ∈ Sj , precisely. We remark, however,
that similar results can be obtained as well when they
use a finite number of decoy intensity settings, as we
have shown in Fig. 3.
The simulation results are shown in Fig. 5. In this fig-
ure we use the same experimental parameters employed
in Fig. 1, and we set pd = 10
−7. The case Nmax = 0
corresponds to the situation where Alice and Bob non-
trivially upper bound only the yield pZZ(kc, kd|0, 0). At
first sight, it might seem surprising that this is already
enough to obtain a positive key rate over about 40 dB loss
between Alice and Bob, as shown in Fig. 5. However, we
remind the readers that although the main contribution
to the secure key comes from the single-photon events,
i.e., when (nA, nB) = (0, 1) or (1, 0), such single-photon
events do not contribute to the phase error rate. So, even
though Nmax = 0, the phase error can still be bounded.
Fig. 5 also includes the extreme case where Nmax = ∞,
which corresponds to the situation where Alice and Bob
can evaluate Eq. (20) precisely. For this, we first con-
sider a lower bound on the secret key rate for a relatively
high number Nmax, say Nmax = 12. As mentioned above,
here we suppose that Alice and Bob can estimate all the
yields in S0 and S1 precisely. Then, we evaluate an upper
bound on the secret key rate by setting again Nmax = 12
but now assuming that the residual terms ∆j in Eq. (21)
are equal to zero. In this scenario, since such residual
terms are so extremely small, it turns out that with the
resolution of Fig. 5 both the lower and upper bound on
the secret key rate basically overlap each other. This
means that they are also indistinguishable from the case
Nmax = ∞. Importantly, Fig. 5 suggests that consider-
ing only small photon numbers, until to say Nmax = 4,
is enough to obtain a secret key rate close to the ideal
scenario Nmax =∞.
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